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The impressive pace of advance of quantum technology calls for robust and scalable techniques
for the characterization and validation of quantum hardware. Quantum process tomography, the
reconstruction of an unknown quantum channel from measurement data, remains the quintessential
primitive to completely characterize quantum devices. However, due to the exponential scaling
of the required data and classical post-processing, its range of applicability is typically restricted
to one- and two-qubit gates. Here, we present a new technique for performing quantum process
tomography that addresses these issues by combining a tensor network representation of the channel
with a data-driven optimization inspired by unsupervised machine learning. We demonstrate our
technique through synthetically generated data for ideal one- and two-dimensional random quantum
circuits of up to 10 qubits, and a noisy 5-qubit circuit, reaching process fidelities above 0.99 using
only a limited set of single-qubit measurement samples and input states. Our results go far beyond
state-of-the-art, providing a practical and timely tool for benchmarking quantum circuits in current
and near-term quantum computers.
Introduction. Digital quantum computers and ana-
log quantum simulators are entering regimes outside the
reach of classical computing hardware [1]. Coherent ma-
nipulation of complex quantum states with dozens of
qubits have been realized across several platforms, in-
cluding trapped ions [2, 3], Rydberg atom arrays [4], cold
atoms in optical lattices [5], and super-conducting qubit
circuits [6]. Over the next few years, it is expected that
quantum devices will attain hundreds of qubits, unlock-
ing a variety of quantum computing applications with
far-reaching scientific and technological ramifications.
As the size and complexity of quantum hardware con-
tinues to grow, techniques capable of characterizing com-
plex multi-qubit error processes are essential for devel-
oping error mitigation for near-term applications [7–10].
Recent efforts have focused on generalizations of ran-
domized benchmarking [11] to recover partial informa-
tion about the strength and locality of correlated errors
in larger devices [12–14]. However these approaches are
restricted to non-universal gate-sets, and cannot be di-
rectly applied to generic quantum circuits. Other ap-
proaches exist for the validation of average fidelities of a
prepared quantum state through a reduced set of mea-
surements [15–19], but only provide limited information
about the nature of the noise in the preparation circuit.
The gold standard for the full characterization of quan-
tum gates and circuits is quantum process tomography
(QPT) [20, 21], a procedure that reconstructs an un-
known quantum process from measurement data. A
direct approach to QPT relies on a informationally-
complete (IC) set of measurement settings, which in-
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evitably leads to an algorithmic complexity – in terms
of number of measurements and classical post-processing
– that scales exponentially with the number of qubits.
Due to these limitations, QPT has only been experimen-
tally implemented on up to 3 qubits [22–29].
In most practical scenarios, however, a process to be
characterized in a quantum computer typically contains
structure, which can stem from the restricted set of oper-
ations in an experiment or the details and severity of the
inherent noise in the device. This suggests that it may be
possible to accurately describe certain relevant quantum
channels by means of classical resources with only poly-
nomial overhead. This insight has been leveraged suc-
cessfully in quantum state tomography, the data-driven
reconstruction of a quantum state. Notable examples in-
clude matrix product state (MPS) tomography [30–32],
exploiting low-entanglement representations of quantum
states, and compressed sensing [27, 33], relying on the
assumption of sparsity of the measurement data.
More recently, an alternative theoretical framework for
quantum state tomography based on machine learning
has been put forward [34–36], and implemented in a
cold-atom experiment [37]. This approach leverages the
effectiveness of unsupervised machine learning in extract-
ing high-dimensional probability distributions from raw
data [38], combined with the high expressivity of neural
networks for capturing highly-entangled quantum many-
body states [39–42]. In contrast, the development of ap-
proximate algorithms for QPT applicable to near-term
quantum devices is currently lacking. While progress
has been made in the context for learning non-Markovian
dynamics [43, 44], the question of a scalable method ca-
pable of reconstructing noisy quantum circuits remains
wide open.
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2In this work, we present a novel technique to perform
QPT of quantum circuits of sizes well beyond state-of-
the-art. By exploiting the structure of the problem, our
approach alleviates important scaling issues of standard
QPT. We combine elements of two state-of-the-art classes
of algorithms, namely a tensor-network representation of
a quantum channel and a data-driven global optimization
inspired by unsupervised learning algorithms. We show
numerical experiments on synthetic data for unitary cir-
cuits, reaching reconstruction fidelities above 0.99 for a
10-qubit depth-4 random quantum circuit using less than
105 single-shot measurements out of the tomographycally
complete set of ∼ 1012 settings. We also demonstrate
the reconstruction of a single 5-qubit parity-check mea-
surement in the surface code undergoing an amplitude
damping noise channel. Our proposed method paves the
way to the robust and scalable verification of quantum
circuits implemented in current experimental hardware.
Quantum process tomography. A general N -qubit
quantum channel is described by a completely-positive
(CP) trace-preserving (TP) map E . There exist several
equivalent mathematical representations of a quantum
channel [45], and in the context of process tomography, it
is most natural to use the Choi matrix representation [46,
47]. The Choi matrix is a positive semidefinite operator
ΛE =
(
1⊗ E)(|Φ+〉〈Φ+|⊗N) , (1)
where E is applied to one half of the tensor product of N
unnormalized Bell pairs |Φ+〉 = |00〉 + |11〉. The chan-
nel E is CP if and only if the Choi-matrix is positive-
semidefinite (ΛE ≥ 0), and TP if and only if the partial
trace over the subspace of N qubit acted upon by the
channel E in Eq. (1) is the identity matrix [45]. It follows
that ΛE is isomorphic to an unnormalized density opera-
tor over an extended (bipartite) 2N -qubit Hilbert space
(TrΛE = dN , with d the dimension of the local Hilbert
space, i.e. d = 2 for qubits).
Because of the one-to-one correspondence between the
Choi matrix and the map E , QPT reduces to the data-
driven reconstruction of ΛE . The standard approach
to QPT consists of fitting the matrix elements of ΛE
(parametrized in full), typically using convex optimiza-
tion techniques, from the statistics of an IC set of mea-
surements on the output state, applied to an IC set of
input quantum states {ρi}. The major limitation of full
QPT is that the size of the preparation and measurement
sets scales exponentially with the number of qubits.
Our approach to overcome the limitations of full QPT
relies on two ingredients. First, an efficient represen-
tation of a Choi matrix in terms of a tensor network,
whose total number of parameters is small compared to
the dimension of the process Hilbert space. Second, an
unsupervised learning algorithm to discover an optimal
set of tensor-network parameters, which consists of mini-
mizing the statistical divergence between the correspond-
ing process probability distribution and the one under-
lying the measurement data. Most importantly, if the
unknown quantum channel possesses enough structure,
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<latexit sha1_base64="WiPdSBTYHUbRIOu1 Dz90I70xsiE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AE8tmu2mX7m7i7 kYIob/Do3oRr/4YD/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWib xDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyW9yZLaCDwSLKIEWysFPiajQR+8BPFBB1Ua27 DnQOtEq8gNSjQGlS//GFMUkGlIRxr3ffcxAQ5VoYRTqcVP9U0wWSCR7RvqcSC6iCfHz1FZ1YZoi hWtqRBc/X3RI6F1pkIz0NhmwU2Y71sz8T/vH5qousgZzJJDZVksStKOTIxmoWAhkxRYnhmCSaK2 XMRGWOFibFRVWwO3vLXq6Rz0fDchnd3WWvWi0TKcAKnUAcPrqAJt9CCNhB4hGd4hTcnc16cd+dj 0Vpyiplj+APn8wfy+5Mz</latexit><latexit sha1_base64="WiPdSBTYHUbRIOu1 Dz90I70xsiE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AE8tmu2mX7m7i7 kYIob/Do3oRr/4YD/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWib xDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyW9yZLaCDwSLKIEWysFPiajQR+8BPFBB1Ua27 DnQOtEq8gNSjQGlS//GFMUkGlIRxr3ffcxAQ5VoYRTqcVP9U0wWSCR7RvqcSC6iCfHz1FZ1YZoi hWtqRBc/X3RI6F1pkIz0NhmwU2Y71sz8T/vH5qousgZzJJDZVksStKOTIxmoWAhkxRYnhmCSaK2 XMRGWOFibFRVWwO3vLXq6Rz0fDchnd3WWvWi0TKcAKnUAcPrqAJt9CCNhB4hGd4hTcnc16cd+dj 0Vpyiplj+APn8wfy+5Mz</latexit><latexit sha1_base64="WiPdSBTYHUbRIOu1 Dz90I70xsiE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AE8tmu2mX7m7i7 kYIob/Do3oRr/4YD/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWib xDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyW9yZLaCDwSLKIEWysFPiajQR+8BPFBB1Ua27 DnQOtEq8gNSjQGlS//GFMUkGlIRxr3ffcxAQ5VoYRTqcVP9U0wWSCR7RvqcSC6iCfHz1FZ1YZoi hWtqRBc/X3RI6F1pkIz0NhmwU2Y71sz8T/vH5qousgZzJJDZVksStKOTIxmoWAhkxRYnhmCSaK2 XMRGWOFibFRVWwO3vLXq6Rz0fDchnd3WWvWi0TKcAKnUAcPrqAJt9CCNhB4hGd4hTcnc16cd+dj 0Vpyiplj+APn8wfy+5Mz</latexit><latexit sha1_base64="WiPdSBTYHUbRIOu1 Dz90I70xsiE=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AE8tmu2mX7m7i7 kYIob/Do3oRr/4YD/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWib xDxWvRBrypmkbcMMp71EUSxCTrvh5Gbmd5+o0iyW9yZLaCDwSLKIEWysFPiajQR+8BPFBB1Ua27 DnQOtEq8gNSjQGlS//GFMUkGlIRxr3ffcxAQ5VoYRTqcVP9U0wWSCR7RvqcSC6iCfHz1FZ1YZoi hWtqRBc/X3RI6F1pkIz0NhmwU2Y71sz8T/vH5qousgZzJJDZVksStKOTIxmoWAhkxRYnhmCSaK2 XMRGWOFibFRVWwO3vLXq6Rz0fDchnd3WWvWi0TKcAKnUAcPrqAJt9CCNhB4hGd4hTcnc16cd+dj 0Vpyiplj+APn8wfy+5Mz</latexit>
⌧ 0
<latexit sha1_base64="dhoLUA62F2exriVo /tVuyDGvc3A=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahBymJCHosePFYwX5AEstmu2mX7m7C7 kQpoT/Do3oRr/4aD/4bt20O2vpg4PHeDDPzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRxySZpqxN E5HoXkQME1yxNnAQrJdqRmQkWDca38z87iPThifqHiYpCyUZKh5zSsBKfgAkewhSzSXrV2tuw50 DrxKvIDVUoNWvfgWDhGaSKaCCGON7bgphTjRwKti0EmSGpYSOyZD5lioimQnz+clTfGaVAY4TbU sBnqu/J3IijZnI6DyStlkSGJlleyb+5/kZxNdhzlWaAVN0sSvOBIYEzyLAA64ZBTGxhFDN7bmYj ogmFGxQFZuDt/z1KulcNDy34d1d1pr1IpEyOkGnqI48dIWa6Ba1UBtRlKBn9IrenCfnxXl3Phat JaeYOUZ/4Hz+AG/hklg=</latexit><latexit sha1_base64="dhoLUA62F2exriVo /tVuyDGvc3A=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahBymJCHosePFYwX5AEstmu2mX7m7C7 kQpoT/Do3oRr/4aD/4bt20O2vpg4PHeDDPzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRxySZpqxN E5HoXkQME1yxNnAQrJdqRmQkWDca38z87iPThifqHiYpCyUZKh5zSsBKfgAkewhSzSXrV2tuw50 DrxKvIDVUoNWvfgWDhGaSKaCCGON7bgphTjRwKti0EmSGpYSOyZD5lioimQnz+clTfGaVAY4TbU sBnqu/J3IijZnI6DyStlkSGJlleyb+5/kZxNdhzlWaAVN0sSvOBIYEzyLAA64ZBTGxhFDN7bmYj ogmFGxQFZuDt/z1KulcNDy34d1d1pr1IpEyOkGnqI48dIWa6Ba1UBtRlKBn9IrenCfnxXl3Phat JaeYOUZ/4Hz+AG/hklg=</latexit><latexit sha1_base64="dhoLUA62F2exriVo /tVuyDGvc3A=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahBymJCHosePFYwX5AEstmu2mX7m7C7 kQpoT/Do3oRr/4aD/4bt20O2vpg4PHeDDPzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRxySZpqxN E5HoXkQME1yxNnAQrJdqRmQkWDca38z87iPThifqHiYpCyUZKh5zSsBKfgAkewhSzSXrV2tuw50 DrxKvIDVUoNWvfgWDhGaSKaCCGON7bgphTjRwKti0EmSGpYSOyZD5lioimQnz+clTfGaVAY4TbU sBnqu/J3IijZnI6DyStlkSGJlleyb+5/kZxNdhzlWaAVN0sSvOBIYEzyLAA64ZBTGxhFDN7bmYj ogmFGxQFZuDt/z1KulcNDy34d1d1pr1IpEyOkGnqI48dIWa6Ba1UBtRlKBn9IrenCfnxXl3Phat JaeYOUZ/4Hz+AG/hklg=</latexit><latexit sha1_base64="dhoLUA62F2exriVo /tVuyDGvc3A=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahBymJCHosePFYwX5AEstmu2mX7m7C7 kQpoT/Do3oRr/4aD/4bt20O2vpg4PHeDDPzolRwA6777ZTW1jc2t8rblZ3dvf2D6uFRxySZpqxN E5HoXkQME1yxNnAQrJdqRmQkWDca38z87iPThifqHiYpCyUZKh5zSsBKfgAkewhSzSXrV2tuw50 DrxKvIDVUoNWvfgWDhGaSKaCCGON7bgphTjRwKti0EmSGpYSOyZD5lioimQnz+clTfGaVAY4TbU sBnqu/J3IijZnI6DyStlkSGJlleyb+5/kZxNdhzlWaAVN0sSvOBIYEzyLAA64ZBTGxhFDN7bmYj ogmFGxQFZuDt/z1KulcNDy34d1d1pr1IpEyOkGnqI48dIWa6Ba1UBtRlKBn9IrenCfnxXl3Phat JaeYOUZ/4Hz+AG/hklg=</latexit>
⌧
<latexit sha1_base64="jg9zGHpZnu5EEh7X g/0J40mF3jA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AG8pmu2mXbjZhd yKU0L/gUb2IV/+QB/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95m sYx1L6CGS6F4GwVK3ks0p1EgeTeY3uV+94lrI2L1iLOE+xEdKxEKRjGXBkjTYbXmNtwFyDrxClK DAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4tb5+TCKiMSxtqWQrJQf0 9kNDJmFgWXQWSbI4oTs2rn4n9eP8Xw1s+ESlLkii13hakkGJP8dzISmjOUM0so08KeS9iEasrQJ lSxOXirX6+TzlXDcxvew3WtWS8SKcMZnEMdPLiBJtxDC9rAYALP8ApvTuK8OO/Ox7K15BQzp/AH zucPArGPOw==</latexit><latexit sha1_base64="jg9zGHpZnu5EEh7X g/0J40mF3jA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AG8pmu2mXbjZhd yKU0L/gUb2IV/+QB/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95m sYx1L6CGS6F4GwVK3ks0p1EgeTeY3uV+94lrI2L1iLOE+xEdKxEKRjGXBkjTYbXmNtwFyDrxClK DAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4tb5+TCKiMSxtqWQrJQf0 9kNDJmFgWXQWSbI4oTs2rn4n9eP8Xw1s+ESlLkii13hakkGJP8dzISmjOUM0so08KeS9iEasrQJ lSxOXirX6+TzlXDcxvew3WtWS8SKcMZnEMdPLiBJtxDC9rAYALP8ApvTuK8OO/Ox7K15BQzp/AH zucPArGPOw==</latexit><latexit sha1_base64="jg9zGHpZnu5EEh7X g/0J40mF3jA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AG8pmu2mXbjZhd yKU0L/gUb2IV/+QB/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95m sYx1L6CGS6F4GwVK3ks0p1EgeTeY3uV+94lrI2L1iLOE+xEdKxEKRjGXBkjTYbXmNtwFyDrxClK DAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4tb5+TCKiMSxtqWQrJQf0 9kNDJmFgWXQWSbI4oTs2rn4n9eP8Xw1s+ESlLkii13hakkGJP8dzISmjOUM0so08KeS9iEasrQJ lSxOXirX6+TzlXDcxvew3WtWS8SKcMZnEMdPLiBJtxDC9rAYALP8ApvTuK8OO/Ox7K15BQzp/AH zucPArGPOw==</latexit><latexit sha1_base64="jg9zGHpZnu5EEh7X g/0J40mF3jA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahBymJCHosePFYwX5AG8pmu2mXbjZhd yKU0L/gUb2IV/+QB/+NmzYHbX0w8Hhvhpl5QSKFQdf9dkobm1vbO+Xdyt7+weFR9fikY+JUM95m sYx1L6CGS6F4GwVK3ks0p1EgeTeY3uV+94lrI2L1iLOE+xEdKxEKRjGXBkjTYbXmNtwFyDrxClK DAq1h9WswilkacYVMUmP6npugn1GNgkk+rwxSwxPKpnTM+5YqGnHjZ4tb5+TCKiMSxtqWQrJQf0 9kNDJmFgWXQWSbI4oTs2rn4n9eP8Xw1s+ESlLkii13hakkGJP8dzISmjOUM0so08KeS9iEasrQJ lSxOXirX6+TzlXDcxvew3WtWS8SKcMZnEMdPLiBJtxDC9rAYALP8ApvTuK8OO/Ox7K15BQzp/AH zucPArGPOw==</latexit>
A⇤<latexit sha1_base64="ezKcPYoFn8fc1dhz OkhmcMBkeSw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBBEJOyKoMeIF48RzQOSNcxOZpMh81hmZ oWw5BM8qhfx6hd58G+cJHvQxIKGoqqb7q4o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieK K92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kn314+n3VLZr/hToEUS5KQ MOWrd0lenp0gqqLSEY2PagZ/YMMPaMsLpuNhJDU0wGeI+bTsqsaAmzKanjtGxU3ooVtqVtGiq/p 7IsDBmJKKzSLhmge3AzNsT8T+vndr4KsyYTFJLJZntilOOrEKT11GPaUosHzmCiWbuXEQGWGNiX UBFl0Mw//UiaZxXAr8S3F2Uq36eSAEO4QhOIIBLqMIt1KAOBPrwDK/w5invxXv3PmatS14+cwB/ 4H3+AI0Ijlw=</latexit><latexit sha1_base64="ezKcPYoFn8fc1dhz OkhmcMBkeSw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBBEJOyKoMeIF48RzQOSNcxOZpMh81hmZ oWw5BM8qhfx6hd58G+cJHvQxIKGoqqb7q4o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieK K92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kn314+n3VLZr/hToEUS5KQ MOWrd0lenp0gqqLSEY2PagZ/YMMPaMsLpuNhJDU0wGeI+bTsqsaAmzKanjtGxU3ooVtqVtGiq/p 7IsDBmJKKzSLhmge3AzNsT8T+vndr4KsyYTFJLJZntilOOrEKT11GPaUosHzmCiWbuXEQGWGNiX UBFl0Mw//UiaZxXAr8S3F2Uq36eSAEO4QhOIIBLqMIt1KAOBPrwDK/w5invxXv3PmatS14+cwB/ 4H3+AI0Ijlw=</latexit><latexit sha1_base64="ezKcPYoFn8fc1dhz OkhmcMBkeSw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBBEJOyKoMeIF48RzQOSNcxOZpMh81hmZ oWw5BM8qhfx6hd58G+cJHvQxIKGoqqb7q4o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieK K92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kn314+n3VLZr/hToEUS5KQ MOWrd0lenp0gqqLSEY2PagZ/YMMPaMsLpuNhJDU0wGeI+bTsqsaAmzKanjtGxU3ooVtqVtGiq/p 7IsDBmJKKzSLhmge3AzNsT8T+vndr4KsyYTFJLJZntilOOrEKT11GPaUosHzmCiWbuXEQGWGNiX UBFl0Mw//UiaZxXAr8S3F2Uq36eSAEO4QhOIIBLqMIt1KAOBPrwDK/w5invxXv3PmatS14+cwB/ 4H3+AI0Ijlw=</latexit><latexit sha1_base64="ezKcPYoFn8fc1dhz OkhmcMBkeSw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBBEJOyKoMeIF48RzQOSNcxOZpMh81hmZ oWw5BM8qhfx6hd58G+cJHvQxIKGoqqb7q4o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieK K92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kn314+n3VLZr/hToEUS5KQ MOWrd0lenp0gqqLSEY2PagZ/YMMPaMsLpuNhJDU0wGeI+bTsqsaAmzKanjtGxU3ooVtqVtGiq/p 7IsDBmJKKzSLhmge3AzNsT8T+vndr4KsyYTFJLJZntilOOrEKT11GPaUosHzmCiWbuXEQGWGNiX UBFl0Mw//UiaZxXAr8S3F2Uq36eSAEO4QhOIIBLqMIt1KAOBPrwDK/w5invxXv3PmatS14+cwB/ 4H3+AI0Ijlw=</latexit>A<latexit sha1_base64="8UluoJObXjFXxHec lKHI+uMnNdk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8RLx4TMA9IljA76U2GzMwuM 7NCCPkCj+pFvPpJHvwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNEmmGTZY IhLdjqhBwRU2LLcC26lGKiOBrWh0P/NbT6gNT9SjHacYSjpQPOaMWifV73qlsl/x5yCrJMhJGXL UeqWvbj9hmURlmaDGdAI/teGEasuZwGmxmxlMKRvRAXYcVVSiCSfzQ6fk3Cl9EifalbJkrv6emF BpzFhGl5F0zZLaoVm2Z+J/Xiez8W044SrNLCq22BVngtiEzB4nfa6RWTF2hDLN3bmEDammzLp4i i6HYPnrVdK8qgR+Jahfl6t+nkgBTuEMLiCAG6jCA9SgAQwQnuEV3jzpvXjv3seidc3LZ07gD7zP H3KRjcA=</latexit><latexit sha1_base64="8UluoJObXjFXxHec lKHI+uMnNdk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8RLx4TMA9IljA76U2GzMwuM 7NCCPkCj+pFvPpJHvwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNEmmGTZY IhLdjqhBwRU2LLcC26lGKiOBrWh0P/NbT6gNT9SjHacYSjpQPOaMWifV73qlsl/x5yCrJMhJGXL UeqWvbj9hmURlmaDGdAI/teGEasuZwGmxmxlMKRvRAXYcVVSiCSfzQ6fk3Cl9EifalbJkrv6emF BpzFhGl5F0zZLaoVm2Z+J/Xiez8W044SrNLCq22BVngtiEzB4nfa6RWTF2hDLN3bmEDammzLp4i i6HYPnrVdK8qgR+Jahfl6t+nkgBTuEMLiCAG6jCA9SgAQwQnuEV3jzpvXjv3seidc3LZ07gD7zP H3KRjcA=</latexit><latexit sha1_base64="8UluoJObXjFXxHec lKHI+uMnNdk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8RLx4TMA9IljA76U2GzMwuM 7NCCPkCj+pFvPpJHvwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNEmmGTZY IhLdjqhBwRU2LLcC26lGKiOBrWh0P/NbT6gNT9SjHacYSjpQPOaMWifV73qlsl/x5yCrJMhJGXL UeqWvbj9hmURlmaDGdAI/teGEasuZwGmxmxlMKRvRAXYcVVSiCSfzQ6fk3Cl9EifalbJkrv6emF BpzFhGl5F0zZLaoVm2Z+J/Xiez8W044SrNLCq22BVngtiEzB4nfa6RWTF2hDLN3bmEDammzLp4i i6HYPnrVdK8qgR+Jahfl6t+nkgBTuEMLiCAG6jCA9SgAQwQnuEV3jzpvXjv3seidc3LZ07gD7zP H3KRjcA=</latexit><latexit sha1_base64="8UluoJObXjFXxHec lKHI+uMnNdk=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8RLx4TMA9IljA76U2GzMwuM 7NCCPkCj+pFvPpJHvwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNEmmGTZY IhLdjqhBwRU2LLcC26lGKiOBrWh0P/NbT6gNT9SjHacYSjpQPOaMWifV73qlsl/x5yCrJMhJGXL UeqWvbj9hmURlmaDGdAI/teGEasuZwGmxmxlMKRvRAXYcVVSiCSfzQ6fk3Cl9EifalbJkrv6emF BpzFhGl5F0zZLaoVm2Z+J/Xiez8W044SrNLCq22BVngtiEzB4nfa6RWTF2hDLN3bmEDammzLp4i i6HYPnrVdK8qgR+Jahfl6t+nkgBTuEMLiCAG6jCA9SgAQwQnuEV3jzpvXjv3seidc3LZ07gD7zP H3KRjcA=</latexit>
[⇤#]
⌧ ,⌧ 0
 , 0 =
<latexit sha1_base64="3UuPUet1OhPP0/FH c0I3WsmASbY=">AAACSnicbVBNS+tAFJ306VOrPutz6SZYBBdSEhF0IwhuXLhQsCo0abmZ3raDM 0mYuSmUkH/n0q0L/4JLdSNunLZR/LowcOZ8MHdOlEphyPPuncqfmdm/c/ML1cWl5X8rtdX/FybJ NMcmT2SiryIwKEWMTRIk8SrVCCqSeBldH431yyFqI5L4nEYphgr6segJDmSpTq3dCiKVByc20YW ik09uQ9A0QIKiCNtThiArtj9QO0i1UPhuN6KvoJSn+N1w0KnVvYY3Gfcn8EtQZ+Wcdmp3QTfhmc KYuARjWr6XUpjbhQSXWFSDzGAK/Br62LIwBoUmzCc9FO6mZbpuL9H2xORO2M+JHJQxIxVtR8qaF dDAfJfH5G9aK6PefpiLOM0IYz59q5dJlxJ33KvbFRo5yZEFwLWw67p8ABo42fartgf/+69/goud hu81/LPd+uFO2cg8W2cbbIv5bI8dsmN2ypqMsxv2wJ7Ys3PrPDovzuvUWnHKzBr7MpWZN5YstqQ =</latexit><latexit sha1_base64="3UuPUet1OhPP0/FH c0I3WsmASbY=">AAACSnicbVBNS+tAFJ306VOrPutz6SZYBBdSEhF0IwhuXLhQsCo0abmZ3raDM 0mYuSmUkH/n0q0L/4JLdSNunLZR/LowcOZ8MHdOlEphyPPuncqfmdm/c/ML1cWl5X8rtdX/FybJ NMcmT2SiryIwKEWMTRIk8SrVCCqSeBldH431yyFqI5L4nEYphgr6segJDmSpTq3dCiKVByc20YW ik09uQ9A0QIKiCNtThiArtj9QO0i1UPhuN6KvoJSn+N1w0KnVvYY3Gfcn8EtQZ+Wcdmp3QTfhmc KYuARjWr6XUpjbhQSXWFSDzGAK/Br62LIwBoUmzCc9FO6mZbpuL9H2xORO2M+JHJQxIxVtR8qaF dDAfJfH5G9aK6PefpiLOM0IYz59q5dJlxJ33KvbFRo5yZEFwLWw67p8ABo42fartgf/+69/goud hu81/LPd+uFO2cg8W2cbbIv5bI8dsmN2ypqMsxv2wJ7Ys3PrPDovzuvUWnHKzBr7MpWZN5YstqQ =</latexit><latexit sha1_base64="3UuPUet1OhPP0/FH c0I3WsmASbY=">AAACSnicbVBNS+tAFJ306VOrPutz6SZYBBdSEhF0IwhuXLhQsCo0abmZ3raDM 0mYuSmUkH/n0q0L/4JLdSNunLZR/LowcOZ8MHdOlEphyPPuncqfmdm/c/ML1cWl5X8rtdX/FybJ NMcmT2SiryIwKEWMTRIk8SrVCCqSeBldH431yyFqI5L4nEYphgr6segJDmSpTq3dCiKVByc20YW ik09uQ9A0QIKiCNtThiArtj9QO0i1UPhuN6KvoJSn+N1w0KnVvYY3Gfcn8EtQZ+Wcdmp3QTfhmc KYuARjWr6XUpjbhQSXWFSDzGAK/Br62LIwBoUmzCc9FO6mZbpuL9H2xORO2M+JHJQxIxVtR8qaF dDAfJfH5G9aK6PefpiLOM0IYz59q5dJlxJ33KvbFRo5yZEFwLWw67p8ABo42fartgf/+69/goud hu81/LPd+uFO2cg8W2cbbIv5bI8dsmN2ypqMsxv2wJ7Ys3PrPDovzuvUWnHKzBr7MpWZN5YstqQ =</latexit><latexit sha1_base64="3UuPUet1OhPP0/FH c0I3WsmASbY=">AAACSnicbVBNS+tAFJ306VOrPutz6SZYBBdSEhF0IwhuXLhQsCo0abmZ3raDM 0mYuSmUkH/n0q0L/4JLdSNunLZR/LowcOZ8MHdOlEphyPPuncqfmdm/c/ML1cWl5X8rtdX/FybJ NMcmT2SiryIwKEWMTRIk8SrVCCqSeBldH431yyFqI5L4nEYphgr6segJDmSpTq3dCiKVByc20YW ik09uQ9A0QIKiCNtThiArtj9QO0i1UPhuN6KvoJSn+N1w0KnVvYY3Gfcn8EtQZ+Wcdmp3QTfhmc KYuARjWr6XUpjbhQSXWFSDzGAK/Br62LIwBoUmzCc9FO6mZbpuL9H2xORO2M+JHJQxIxVtR8qaF dDAfJfH5G9aK6PefpiLOM0IYz59q5dJlxJ33KvbFRo5yZEFwLWw67p8ABo42fartgf/+69/goud hu81/LPd+uFO2cg8W2cbbIv5bI8dsmN2ypqMsxv2wJ7Ys3PrPDovzuvUWnHKzBr7MpWZN5YstqQ =</latexit>
M↵
<latexit sha1_base64="F2RHHaY0KuTCQdQSgyJ6iTaY2bY=">AAAB8nicbVDLSgNBEOyNrxh fUY9eBoPgQcKuCHoMePEiRDAPSJYwO5lNhszMLjO9Qgj5CY/qRbz6Ox78GyfJHjSxoKGo6qa7K0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY 0WiH3Gc8lDRgRaxYBSd1L7vdalMh7RXrvhVfw6ySoKcVCBHvVf+6vYTlimukUlqbSfwUwwn1KBgkk9L3czylLIRHfCOo5oqbsPJ/N4pOXNKn8SJcaWRzNXfExOqrB2r6CJSrllRHNpleyb+53UyjG/ CidBphlyzxa44kwQTMvuf9IXhDOXYEcqMcOcSNqSGMnQplVwOwfLXq6R5WQ38avBwVan5eSJFOIFTOIcArqEGd1CHBjCQ8Ayv8Oah9+K9ex+L1oKXzxzDH3ifP8ajkNM=</latexit><latexit sha1_base64="F2RHHaY0KuTCQdQSgyJ6iTaY2bY=">AAAB8nicbVDLSgNBEOyNrxh fUY9eBoPgQcKuCHoMePEiRDAPSJYwO5lNhszMLjO9Qgj5CY/qRbz6Ox78GyfJHjSxoKGo6qa7K0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY 0WiH3Gc8lDRgRaxYBSd1L7vdalMh7RXrvhVfw6ySoKcVCBHvVf+6vYTlimukUlqbSfwUwwn1KBgkk9L3czylLIRHfCOo5oqbsPJ/N4pOXNKn8SJcaWRzNXfExOqrB2r6CJSrllRHNpleyb+53UyjG/ CidBphlyzxa44kwQTMvuf9IXhDOXYEcqMcOcSNqSGMnQplVwOwfLXq6R5WQ38avBwVan5eSJFOIFTOIcArqEGd1CHBjCQ8Ayv8Oah9+K9ex+L1oKXzxzDH3ifP8ajkNM=</latexit><latexit sha1_base64="F2RHHaY0KuTCQdQSgyJ6iTaY2bY=">AAAB8nicbVDLSgNBEOyNrxh fUY9eBoPgQcKuCHoMePEiRDAPSJYwO5lNhszMLjO9Qgj5CY/qRbz6Ox78GyfJHjSxoKGo6qa7K0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY 0WiH3Gc8lDRgRaxYBSd1L7vdalMh7RXrvhVfw6ySoKcVCBHvVf+6vYTlimukUlqbSfwUwwn1KBgkk9L3czylLIRHfCOo5oqbsPJ/N4pOXNKn8SJcaWRzNXfExOqrB2r6CJSrllRHNpleyb+53UyjG/ CidBphlyzxa44kwQTMvuf9IXhDOXYEcqMcOcSNqSGMnQplVwOwfLXq6R5WQ38avBwVan5eSJFOIFTOIcArqEGd1CHBjCQ8Ayv8Oah9+K9ex+L1oKXzxzDH3ifP8ajkNM=</latexit><latexit sha1_base64="F2RHHaY0KuTCQdQSgyJ6iTaY2bY=">AAAB8nicbVDLSgNBEOyNrxh fUY9eBoPgQcKuCHoMePEiRDAPSJYwO5lNhszMLjO9Qgj5CY/qRbz6Ox78GyfJHjSxoKGo6qa7K0qlsOj7315hbX1jc6u4XdrZ3ds/KB8eNW2SGcYbLJGJaUfUcik0b6BAydup4VRFkrei0e3Mbz1xY 0WiH3Gc8lDRgRaxYBSd1L7vdalMh7RXrvhVfw6ySoKcVCBHvVf+6vYTlimukUlqbSfwUwwn1KBgkk9L3czylLIRHfCOo5oqbsPJ/N4pOXNKn8SJcaWRzNXfExOqrB2r6CJSrllRHNpleyb+53UyjG/ CidBphlyzxa44kwQTMvuf9IXhDOXYEcqMcOcSNqSGMnQplVwOwfLXq6R5WQ38avBwVan5eSJFOIFTOIcArqEGd1CHBjCQ8Ayv8Oah9+K9ex+L1oKXzxzDH3ifP8ajkNM=</latexit>
M 
<latexit sha1_base64="eoBuGTTxZMl8TdyDMKB+O+qitLA=">AAAB83icbVA9SwNBEJ2LXzF +RS1tFoNgIeFOBC0DNjZCBBMjSQh7m71kye7esTsnhCO/wlJtxNafY+G/cZNcoYkPBh7vzTAzL0yksOj7315hZXVtfaO4Wdra3tndK+8fNG2cGsYbLJaxaYXUcik0b6BAyVuJ4VSFkj+Eo+up//DEj RWxvsdxwruKDrSIBKPopMfbXtYJOdJJr1zxq/4MZJkEOalAjnqv/NXpxyxVXCOT1Np24CfYzahBwSSflDqp5QllIzrgbUc1Vdx2s9nBE3LilD6JYuNKI5mpvycyqqwdq/AsVK5ZURzaRXsq/ue1U4y uupnQSYpcs/muKJUEYzINgPSF4Qzl2BHKjHDnEjakhjJ0MZVcDsHi18ukeV4N/Gpwd1Gp+XkiRTiCYziFAC6hBjdQhwYwUPAMr/Dmpd6L9+59zFsLXj5zCH/gff4AyAeRaw==</latexit><latexit sha1_base64="eoBuGTTxZMl8TdyDMKB+O+qitLA=">AAAB83icbVA9SwNBEJ2LXzF +RS1tFoNgIeFOBC0DNjZCBBMjSQh7m71kye7esTsnhCO/wlJtxNafY+G/cZNcoYkPBh7vzTAzL0yksOj7315hZXVtfaO4Wdra3tndK+8fNG2cGsYbLJaxaYXUcik0b6BAyVuJ4VSFkj+Eo+up//DEj RWxvsdxwruKDrSIBKPopMfbXtYJOdJJr1zxq/4MZJkEOalAjnqv/NXpxyxVXCOT1Np24CfYzahBwSSflDqp5QllIzrgbUc1Vdx2s9nBE3LilD6JYuNKI5mpvycyqqwdq/AsVK5ZURzaRXsq/ue1U4y uupnQSYpcs/muKJUEYzINgPSF4Qzl2BHKjHDnEjakhjJ0MZVcDsHi18ukeV4N/Gpwd1Gp+XkiRTiCYziFAC6hBjdQhwYwUPAMr/Dmpd6L9+59zFsLXj5zCH/gff4AyAeRaw==</latexit><latexit sha1_base64="eoBuGTTxZMl8TdyDMKB+O+qitLA=">AAAB83icbVA9SwNBEJ2LXzF +RS1tFoNgIeFOBC0DNjZCBBMjSQh7m71kye7esTsnhCO/wlJtxNafY+G/cZNcoYkPBh7vzTAzL0yksOj7315hZXVtfaO4Wdra3tndK+8fNG2cGsYbLJaxaYXUcik0b6BAyVuJ4VSFkj+Eo+up//DEj RWxvsdxwruKDrSIBKPopMfbXtYJOdJJr1zxq/4MZJkEOalAjnqv/NXpxyxVXCOT1Np24CfYzahBwSSflDqp5QllIzrgbUc1Vdx2s9nBE3LilD6JYuNKI5mpvycyqqwdq/AsVK5ZURzaRXsq/ue1U4y uupnQSYpcs/muKJUEYzINgPSF4Qzl2BHKjHDnEjakhjJ0MZVcDsHi18ukeV4N/Gpwd1Gp+XkiRTiCYziFAC6hBjdQhwYwUPAMr/Dmpd6L9+59zFsLXj5zCH/gff4AyAeRaw==</latexit><latexit sha1_base64="eoBuGTTxZMl8TdyDMKB+O+qitLA=">AAAB83icbVA9SwNBEJ2LXzF +RS1tFoNgIeFOBC0DNjZCBBMjSQh7m71kye7esTsnhCO/wlJtxNafY+G/cZNcoYkPBh7vzTAzL0yksOj7315hZXVtfaO4Wdra3tndK+8fNG2cGsYbLJaxaYXUcik0b6BAyVuJ4VSFkj+Eo+up//DEj RWxvsdxwruKDrSIBKPopMfbXtYJOdJJr1zxq/4MZJkEOalAjnqv/NXpxyxVXCOT1Np24CfYzahBwSSflDqp5QllIzrgbUc1Vdx2s9nBE3LilD6JYuNKI5mpvycyqqwdq/AsVK5ZURzaRXsq/ue1U4y uupnQSYpcs/muKJUEYzINgPSF4Qzl2BHKjHDnEjakhjJ0MZVcDsHi18ukeV4N/Gpwd1Gp+XkiRTiCYziFAC6hBjdQhwYwUPAMr/Dmpd6L9+59zFsLXj5zCH/gff4AyAeRaw==</latexit>
P#(  |↵) =
<latexit sha1_base64="9QjCrcD3bFXLXqCN a9+lZEtOBGI=">AAACG3icbVDLSsNAFJ34rPVVdekmWIQKpSZF0I1QcOOygn1AE8rNdNoOnUnCz KRQYj7DpV/iUt2I2y78GydpFtp6YODcc+7lzj1eyKhUlvVtrK1vbG5tF3aKu3v7B4elo+O2DCKB SQsHLBBdDyRh1CctRRUj3VAQ4B4jHW9yl/qdKRGSBv6jmoXE5TDy6ZBiUFrqly6b/djxeOxMQag xUZAklaz2Uu5Un5xqVgILx5Bc3PZLZatmZTBXiZ2TMsrR7JfmziDAESe+wgyk7NlWqNxYb6OYka ToRJKEgCcwIj1NfeBEunF2WGKea2VgDgOhn6/MTP09EQOXcsa9qsd1Mwc1lst2Kv7n9SI1vHFj6 oeRIj5e7BpGzFSBmQZlDqggWLGZJoAF1d818RgEYKXjLOoc7OWrV0m7XrOtmv1wVW7U80QK6BSd oQqy0TVqoHvURC2E0TN6Re/ow3gx3oxP42vRumbkMyfoD4z5D8Riob0=</latexit><latexit sha1_base64="9QjCrcD3bFXLXqCN a9+lZEtOBGI=">AAACG3icbVDLSsNAFJ34rPVVdekmWIQKpSZF0I1QcOOygn1AE8rNdNoOnUnCz KRQYj7DpV/iUt2I2y78GydpFtp6YODcc+7lzj1eyKhUlvVtrK1vbG5tF3aKu3v7B4elo+O2DCKB SQsHLBBdDyRh1CctRRUj3VAQ4B4jHW9yl/qdKRGSBv6jmoXE5TDy6ZBiUFrqly6b/djxeOxMQag xUZAklaz2Uu5Un5xqVgILx5Bc3PZLZatmZTBXiZ2TMsrR7JfmziDAESe+wgyk7NlWqNxYb6OYka ToRJKEgCcwIj1NfeBEunF2WGKea2VgDgOhn6/MTP09EQOXcsa9qsd1Mwc1lst2Kv7n9SI1vHFj6 oeRIj5e7BpGzFSBmQZlDqggWLGZJoAF1d818RgEYKXjLOoc7OWrV0m7XrOtmv1wVW7U80QK6BSd oQqy0TVqoHvURC2E0TN6Re/ow3gx3oxP42vRumbkMyfoD4z5D8Riob0=</latexit><latexit sha1_base64="9QjCrcD3bFXLXqCN a9+lZEtOBGI=">AAACG3icbVDLSsNAFJ34rPVVdekmWIQKpSZF0I1QcOOygn1AE8rNdNoOnUnCz KRQYj7DpV/iUt2I2y78GydpFtp6YODcc+7lzj1eyKhUlvVtrK1vbG5tF3aKu3v7B4elo+O2DCKB SQsHLBBdDyRh1CctRRUj3VAQ4B4jHW9yl/qdKRGSBv6jmoXE5TDy6ZBiUFrqly6b/djxeOxMQag xUZAklaz2Uu5Un5xqVgILx5Bc3PZLZatmZTBXiZ2TMsrR7JfmziDAESe+wgyk7NlWqNxYb6OYka ToRJKEgCcwIj1NfeBEunF2WGKea2VgDgOhn6/MTP09EQOXcsa9qsd1Mwc1lst2Kv7n9SI1vHFj6 oeRIj5e7BpGzFSBmQZlDqggWLGZJoAF1d818RgEYKXjLOoc7OWrV0m7XrOtmv1wVW7U80QK6BSd oQqy0TVqoHvURC2E0TN6Re/ow3gx3oxP42vRumbkMyfoD4z5D8Riob0=</latexit><latexit sha1_base64="9QjCrcD3bFXLXqCN a9+lZEtOBGI=">AAACG3icbVDLSsNAFJ34rPVVdekmWIQKpSZF0I1QcOOygn1AE8rNdNoOnUnCz KRQYj7DpV/iUt2I2y78GydpFtp6YODcc+7lzj1eyKhUlvVtrK1vbG5tF3aKu3v7B4elo+O2DCKB SQsHLBBdDyRh1CctRRUj3VAQ4B4jHW9yl/qdKRGSBv6jmoXE5TDy6ZBiUFrqly6b/djxeOxMQag xUZAklaz2Uu5Un5xqVgILx5Bc3PZLZatmZTBXiZ2TMsrR7JfmziDAESe+wgyk7NlWqNxYb6OYka ToRJKEgCcwIj1NfeBEunF2WGKea2VgDgOhn6/MTP09EQOXcsa9qsd1Mwc1lst2Kv7n9SI1vHFj6 oeRIj5e7BpGzFSBmQZlDqggWLGZJoAF1d818RgEYKXjLOoc7OWrV0m7XrOtmv1wVW7U80QK6BSd oQqy0TVqoHvURC2E0TN6Re/ow3gx3oxP42vRumbkMyfoD4z5D8Riob0=</latexit>
↵1
<latexit sha1_base64="8fWvkkMc+Fbe0GE5 8nCZ3/0oMV0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYRdEfQY8OIxgnlAsoTeyWwyZGZ2m ekVQshPeFQv4tXf8eDfOEn2oIkFDUVVN91dUSqFRd//9gobm1vbO8Xd0t7+weFR+fikZZPMMN5k iUxMJwLLpdC8iQIl76SGg4okb0fju7nffuLGikQ/4iTloYKhFrFggE7q9ECmI+gH/XLFr/kL0HU S5KRCcjT65a/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Uyy1NgYxjyrqMaFLfhdHHvjF44ZUDjxLjSSB fq74kpKGsnKqpGyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrkcgtWv10nrqhb4teDhulKv5okUyRk5J5ckIDekTu5JgzQJI5I8k1fy5qH34r17H8vWgpfP nJI/8D5/AJt5kLM=</latexit><latexit sha1_base64="8fWvkkMc+Fbe0GE5 8nCZ3/0oMV0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYRdEfQY8OIxgnlAsoTeyWwyZGZ2m ekVQshPeFQv4tXf8eDfOEn2oIkFDUVVN91dUSqFRd//9gobm1vbO8Xd0t7+weFR+fikZZPMMN5k iUxMJwLLpdC8iQIl76SGg4okb0fju7nffuLGikQ/4iTloYKhFrFggE7q9ECmI+gH/XLFr/kL0HU S5KRCcjT65a/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Uyy1NgYxjyrqMaFLfhdHHvjF44ZUDjxLjSSB fq74kpKGsnKqpGyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrkcgtWv10nrqhb4teDhulKv5okUyRk5J5ckIDekTu5JgzQJI5I8k1fy5qH34r17H8vWgpfP nJI/8D5/AJt5kLM=</latexit><latexit sha1_base64="8fWvkkMc+Fbe0GE5 8nCZ3/0oMV0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYRdEfQY8OIxgnlAsoTeyWwyZGZ2m ekVQshPeFQv4tXf8eDfOEn2oIkFDUVVN91dUSqFRd//9gobm1vbO8Xd0t7+weFR+fikZZPMMN5k iUxMJwLLpdC8iQIl76SGg4okb0fju7nffuLGikQ/4iTloYKhFrFggE7q9ECmI+gH/XLFr/kL0HU S5KRCcjT65a/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Uyy1NgYxjyrqMaFLfhdHHvjF44ZUDjxLjSSB fq74kpKGsnKqpGyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrkcgtWv10nrqhb4teDhulKv5okUyRk5J5ckIDekTu5JgzQJI5I8k1fy5qH34r17H8vWgpfP nJI/8D5/AJt5kLM=</latexit><latexit sha1_base64="8fWvkkMc+Fbe0GE5 8nCZ3/0oMV0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYRdEfQY8OIxgnlAsoTeyWwyZGZ2m ekVQshPeFQv4tXf8eDfOEn2oIkFDUVVN91dUSqFRd//9gobm1vbO8Xd0t7+weFR+fikZZPMMN5k iUxMJwLLpdC8iQIl76SGg4okb0fju7nffuLGikQ/4iTloYKhFrFggE7q9ECmI+gH/XLFr/kL0HU S5KRCcjT65a/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Uyy1NgYxjyrqMaFLfhdHHvjF44ZUDjxLjSSB fq74kpKGsnKqpGyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrkcgtWv10nrqhb4teDhulKv5okUyRk5J5ckIDekTu5JgzQJI5I8k1fy5qH34r17H8vWgpfP nJI/8D5/AJt5kLM=</latexit>
↵2
<latexit sha1_base64="gwqZDeQLWGTpr3TV 9MxGcqTHasc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLAbBD0GvHiMYB6QLKF3MpsMmZldZ nqFEPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEph0fe/vY3Nre2d3cJecf/g8Oi4dHLasklmGG+y RCamE4HlUmjeRIGSd1LDQUWSt6Px3dxvP3FjRaIfcZLyUMFQi1gwQCd1eiDTEfRr/VLZr/oL0HU S5KRMcjT6pa/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Yyy1NgYxjyrqMaFLfhdHHvjF46ZUDjxLjSSB fq74kpKGsnKqpEyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrocgtWv10mrVg38avBwXa5X8kQK5JxckCsSkBtSJ/ekQZqEEUmeySt589B78d69j2XrhpfP nJE/8D5/AJ0AkLQ=</latexit><latexit sha1_base64="gwqZDeQLWGTpr3TV 9MxGcqTHasc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLAbBD0GvHiMYB6QLKF3MpsMmZldZ nqFEPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEph0fe/vY3Nre2d3cJecf/g8Oi4dHLasklmGG+y RCamE4HlUmjeRIGSd1LDQUWSt6Px3dxvP3FjRaIfcZLyUMFQi1gwQCd1eiDTEfRr/VLZr/oL0HU S5KRMcjT6pa/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Yyy1NgYxjyrqMaFLfhdHHvjF46ZUDjxLjSSB fq74kpKGsnKqpEyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrocgtWv10mrVg38avBwXa5X8kQK5JxckCsSkBtSJ/ekQZqEEUmeySt589B78d69j2XrhpfP nJE/8D5/AJ0AkLQ=</latexit><latexit sha1_base64="gwqZDeQLWGTpr3TV 9MxGcqTHasc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLAbBD0GvHiMYB6QLKF3MpsMmZldZ nqFEPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEph0fe/vY3Nre2d3cJecf/g8Oi4dHLasklmGG+y RCamE4HlUmjeRIGSd1LDQUWSt6Px3dxvP3FjRaIfcZLyUMFQi1gwQCd1eiDTEfRr/VLZr/oL0HU S5KRMcjT6pa/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Yyy1NgYxjyrqMaFLfhdHHvjF46ZUDjxLjSSB fq74kpKGsnKqpEyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrocgtWv10mrVg38avBwXa5X8kQK5JxckCsSkBtSJ/ekQZqEEUmeySt589B78d69j2XrhpfP nJE/8D5/AJ0AkLQ=</latexit><latexit sha1_base64="gwqZDeQLWGTpr3TV 9MxGcqTHasc=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hLAbBD0GvHiMYB6QLKF3MpsMmZldZ nqFEPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEph0fe/vY3Nre2d3cJecf/g8Oi4dHLasklmGG+y RCamE4HlUmjeRIGSd1LDQUWSt6Px3dxvP3FjRaIfcZLyUMFQi1gwQCd1eiDTEfRr/VLZr/oL0HU S5KRMcjT6pa/eIGGZ4hqZBGu7gZ9iOAWDgkk+K/Yyy1NgYxjyrqMaFLfhdHHvjF46ZUDjxLjSSB fq74kpKGsnKqpEyjUrwJFdtefif143w/g2nAqdZsg1W+6KM0kxofP/6UAYzlBOHAFmhDuXshEYY OhSKrocgtWv10mrVg38avBwXa5X8kQK5JxckCsSkBtSJ/ekQZqEEUmeySt589B78d69j2XrhpfP nJE/8D5/AJ0AkLQ=</latexit>
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<latexit sha1_base64="SRoeU4rD4qaUKw4D zjT5jIHowg0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLCrgh4DXjxGMA9IljA7mSRDZmaXm V4hLPkJj+pFvPo7HvwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1jDdY LGPTjqjlUmjeQIGStxPDqYokb0Xju5nfeuLGilg/4iThoaJDLQaCUXRSu0tlMqK9q16p7Ff9Ocg qCXJShhz1Xumr249ZqrhGJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HNVXchtn83ik5d0qfDGLjSi OZq78nMqqsnaioEinXrCiO7LI9E//zOikObsNM6CRFrtli1yCVBGMy+5/0heEM5cQRyoxw5xI2o oYydCkVXQ7B8terpHlZDfxq8HBdrlXyRApwCmdwAQHcQA3uoQ4NYCDhGV7hzUPvxXv3Phata14+ cwJ/4H3+AJ6HkLU=</latexit><latexit sha1_base64="SRoeU4rD4qaUKw4D zjT5jIHowg0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLCrgh4DXjxGMA9IljA7mSRDZmaXm V4hLPkJj+pFvPo7HvwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1jDdY LGPTjqjlUmjeQIGStxPDqYokb0Xju5nfeuLGilg/4iThoaJDLQaCUXRSu0tlMqK9q16p7Ff9Ocg qCXJShhz1Xumr249ZqrhGJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HNVXchtn83ik5d0qfDGLjSi OZq78nMqqsnaioEinXrCiO7LI9E//zOikObsNM6CRFrtli1yCVBGMy+5/0heEM5cQRyoxw5xI2o oYydCkVXQ7B8terpHlZDfxq8HBdrlXyRApwCmdwAQHcQA3uoQ4NYCDhGV7hzUPvxXv3Phata14+ cwJ/4H3+AJ6HkLU=</latexit><latexit sha1_base64="SRoeU4rD4qaUKw4D zjT5jIHowg0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLCrgh4DXjxGMA9IljA7mSRDZmaXm V4hLPkJj+pFvPo7HvwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1jDdY LGPTjqjlUmjeQIGStxPDqYokb0Xju5nfeuLGilg/4iThoaJDLQaCUXRSu0tlMqK9q16p7Ff9Ocg qCXJShhz1Xumr249ZqrhGJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HNVXchtn83ik5d0qfDGLjSi OZq78nMqqsnaioEinXrCiO7LI9E//zOikObsNM6CRFrtli1yCVBGMy+5/0heEM5cQRyoxw5xI2o oYydCkVXQ7B8terpHlZDfxq8HBdrlXyRApwCmdwAQHcQA3uoQ4NYCDhGV7hzUPvxXv3Phata14+ cwJ/4H3+AJ6HkLU=</latexit><latexit sha1_base64="SRoeU4rD4qaUKw4D zjT5jIHowg0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLCrgh4DXjxGMA9IljA7mSRDZmaXm V4hLPkJj+pFvPo7HvwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1jDdY LGPTjqjlUmjeQIGStxPDqYokb0Xju5nfeuLGilg/4iThoaJDLQaCUXRSu0tlMqK9q16p7Ff9Ocg qCXJShhz1Xumr249ZqrhGJqm1ncBPMMyoQcEknxa7qeUJZWM65B1HNVXchtn83ik5d0qfDGLjSi OZq78nMqqsnaioEinXrCiO7LI9E//zOikObsNM6CRFrtli1yCVBGMy+5/0heEM5cQRyoxw5xI2o oYydCkVXQ7B8terpHlZDfxq8HBdrlXyRApwCmdwAQHcQA3uoQ4NYCDhGV7hzUPvxXv3Phata14+ cwJ/4H3+AJ6HkLU=</latexit>
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<latexit sha1_base64="z7LaklUNmpytSJt4 bDta6b2TqD4=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLArAT0GvHiMYB6QLGF2MkmGzMwuM 71CWPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasnFqGG+y WMamE1HLpdC8iQIl7ySGUxVJ3o4md3O//cSNFbF+xGnCQ0VHWgwFo+ikTo/KZEz7tX6p7Ff9Bcg 6CXJShhyNfumrN4hZqrhGJqm13cBPMMyoQcEknxV7qeUJZRM64l1HNVXchtni3hm5dMqADGPjSi NZqL8nMqqsnaqoEinXrCiO7ao9F//zuikOb8NM6CRFrtly1zCVBGMy/58MhOEM5dQRyoxw5xI2p oYydCkVXQ7B6tfrpHVdDfxq8FAr1yt5IgU4hwu4ggBuoA730IAmMJDwDK/w5qH34r17H8vWDS+f OYM/8D5/AKAOkLY=</latexit><latexit sha1_base64="z7LaklUNmpytSJt4 bDta6b2TqD4=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLArAT0GvHiMYB6QLGF2MkmGzMwuM 71CWPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasnFqGG+y WMamE1HLpdC8iQIl7ySGUxVJ3o4md3O//cSNFbF+xGnCQ0VHWgwFo+ikTo/KZEz7tX6p7Ff9Bcg 6CXJShhyNfumrN4hZqrhGJqm13cBPMMyoQcEknxV7qeUJZRM64l1HNVXchtni3hm5dMqADGPjSi NZqL8nMqqsnaqoEinXrCiO7ao9F//zuikOb8NM6CRFrtly1zCVBGMy/58MhOEM5dQRyoxw5xI2p oYydCkVXQ7B6tfrpHVdDfxq8FAr1yt5IgU4hwu4ggBuoA730IAmMJDwDK/w5qH34r17H8vWDS+f OYM/8D5/AKAOkLY=</latexit><latexit sha1_base64="z7LaklUNmpytSJt4 bDta6b2TqD4=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLArAT0GvHiMYB6QLGF2MkmGzMwuM 71CWPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasnFqGG+y WMamE1HLpdC8iQIl7ySGUxVJ3o4md3O//cSNFbF+xGnCQ0VHWgwFo+ikTo/KZEz7tX6p7Ff9Bcg 6CXJShhyNfumrN4hZqrhGJqm13cBPMMyoQcEknxV7qeUJZRM64l1HNVXchtni3hm5dMqADGPjSi NZqL8nMqqsnaqoEinXrCiO7ao9F//zuikOb8NM6CRFrtly1zCVBGMy/58MhOEM5dQRyoxw5xI2p oYydCkVXQ7B6tfrpHVdDfxq8FAr1yt5IgU4hwu4ggBuoA730IAmMJDwDK/w5qH34r17H8vWDS+f OYM/8D5/AKAOkLY=</latexit><latexit sha1_base64="z7LaklUNmpytSJt4 bDta6b2TqD4=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hLArAT0GvHiMYB6QLGF2MkmGzMwuM 71CWPITHtWLePV3PPg3TpI9aGJBQ1HVTXdXlEhh0fe/vY3Nre2d3cJecf/g8Oi4dHLasnFqGG+y WMamE1HLpdC8iQIl7ySGUxVJ3o4md3O//cSNFbF+xGnCQ0VHWgwFo+ikTo/KZEz7tX6p7Ff9Bcg 6CXJShhyNfumrN4hZqrhGJqm13cBPMMyoQcEknxV7qeUJZRM64l1HNVXchtni3hm5dMqADGPjSi NZqL8nMqqsnaqoEinXrCiO7ao9F//zuikOb8NM6CRFrtly1zCVBGMy/58MhOEM5dQRyoxw5xI2p oYydCkVXQ7B6tfrpHVdDfxq8FAr1yt5IgU4hwu4ggBuoA730IAmMJDwDK/w5qH34r17H8vWDS+f OYM/8D5/AKAOkLY=</latexit>
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Figure 1. Quantum process tomography with tensor
networks. (a) The quantum process is represented by a Choi
matrix Λϑ, parametrized by a locally-purified density opera-
tor (LPDO). The input and output indices of the process are
{σj} and {τj} respectively. (b) Tensor contraction evaluat-
ing the conditional probability distribution Pϑ(β |α), i.e. the
probability that the LPDO Choi matrix associates with the
measurement Mβ given the state ρα = t−1α Mα at the input
of the channel.
and the tensor-network parametrization has enough rep-
resentational power, unsupervised learning can allow the
model to generalize beyond the acquired measurements,
enabling the process reconstruction using a reduced num-
ber of the state preparation and measurement bases re-
quired for standard QPT. The unsupervised learning op-
timization, in stark contrast with reconstructions using
linear inversion [20, 21] or MPS tomography [30], is at
the heart of the scalability of our method.
Tensor-network unsupervised learning. We be-
gin by introducing a parametrization of the Choi matrix
Λϑ (with ϑ the set of variational parameters) in terms of
locally-purified density operator (LPDO), a class of ma-
trix product operators that are non-negative by construc-
tion [48] (Fig. 1a). Given a basis for the input {|σ〉} and
the output {|τ 〉} Hilbert spaces of the channel, the ma-
trix elements 〈σ, τ |Λϑ|σ′, τ ′〉 of the LPDO Choi matrix
are given by
[Λϑ]
τ ,τ ′
σ,σ′ =
∑
{µ,µ′}
∑
{ν}
N∏
j=1
[Aj ]
τj ,σj
µj−1,νj ,µj [A
∗
j ]
τ ′j ,σ
′
j
µ′j−1,νj ,µ
′
j
, (2)
where ϑ = {Aj}. Here, we assume that {Aj} already
incorporate the proper normalization Trσ,τ Λϑ = dN .
Each tensor Aj has input index σj , output index τj ,
bond indices (µj−1, µj) and Kraus index νj . The bond
and Kraus dimensions of the LPDO are defined as χµ =
maxj{χµj = dim[µj ]} and χν = maxj{χνj = dim[νj ]}.
By setting χν = 1, the resulting rank-1 Choi matrix is
Λϑ = |Ψϑ〉〈Ψϑ|, where |Ψϑ〉 is an MPS with physical
dimension d2 and bond dimension χµ.
To perform process tomography with LPDOs, we con-
sider the standard QPT setup of positive operator valued
measures (POVM) Mβ =
⊗N
j=1Mβj , where {Mβj}Kmβj=1
are single-qubit POVMs with Km measurement out-
comes (Mβj ≥ 0 and
∑
βj
Mβj = 1j). As input states
to the channel, we take product states ρα =
⊗N
j=1 ραj
3with αj = 1, . . . ,Kp. The preparation states and out-
put measurements are identified by the classical strings
α = (α1, . . . , αN ) and β = (β1, . . . , βN ) respectively.
The output state of the channel is obtained from the
Choi matrix as [45]
E(ρα) = Trσ
[
(ρTα ⊗ 1τ )ΛE
]
, (3)
where ρTα stands for matrix transposition. For any state
E(ρα), the probability that a POVM measurement yields
outcome Mβ is
PE(β |α) = Trσ,τ
[
(ρTα ⊗Mβ)ΛE
]
. (4)
As long as the input states and output POVM set are
IC, the conditional probability distribution PE(β |α)
uniquely characterizes the channel E , and provides a di-
rect link between measurement statistics and the Choi
matrix.
In the following, we use for convenience an over-
complete set of input states ρα = t−1α Mα (i.e. Km =
Kp ≡ K), where tα = TrMα =
∏
j TrMαj is a
normalization factor. To generate a training data set,
we prepare a finite set of M input states {ρ(k)α }Mk=1,
randomly sampled according to a fixed prior distribu-
tion Q(α). We then apply the channel to each state,
and perform a measurement at its output, recording
the outcomes {M (k)β }Mk=1. The resulting data set is
specified by M strings of 2N K-valued integers, D =
{(α(k),β(k))}Mk=1, with joint probability distribution
PD(α,β) = Q(α)PE(β |α). Similarly, we can estimate
the corresponding probability distribution Pϑ(β |α) for
the Choi matrix Λϑ. Since both input states and output
POVMs factorize over the extended Hilbert space, esti-
mating the probability translates into local contractions
of the tensors Aj with the tensor product ρTαj ⊗ Mβj
at all sites j (Fig. 1b). The cost of this operation is
O(d2Nχνχ3µ), remaining efficient as long as the bond di-
mensions (χµ, χν) are sufficiently small.
The learning procedure, inspired by generative mod-
eling of neural networks in machine learning applica-
tions [38], consists of varying the parameters ϑ to
minimize the distance between the LPDO distribution
Pϑ(β |α) and the target distribution PE(β |α), averaged
over the input prior Q(α). As a measure of probability
distance, we adopt the Kullbach-Leibler divergence [49]:
DKL =
∑
{α}
Q(α)
∑
{β}
PE(β |α) log PE(β |α)
Pϑ(β |α) , (5)
Minimizing this quantity is equivalent to minimizing the
negative-log likelihood
C(ϑ) = − 1
M
M∑
k=1
logPϑ(βk |αk) , (6)
where the average is taken over the data set D. This is
the cost function of our optimization problem. This type
of tensor network optimization, also explored for quan-
tum state tomography [50], is in contrast with the local
optimization used in the original formulation of MPS to-
mography, which relies on measurements of local subsys-
tems and entails and exponential scaling with the size of
the subsystems [29, 32].
The LPDO parameters are iteratively updated using
gradient descent ϑ → ϑ − η ∇ϑC(ϑ) (or a variation
thereof), where η is the size of the gradient update (i.e.
the learning rate). In our simulations, we optimize the
LPDO using automatic differentiation software [51], a
framework that is being increasingly explored in tensor
networks applications [52, 53]. However, the gradients of
the cost function can also be derived analytically [54, 55],
and are shown in the Supplementary Material.
In defining our parametrized model Λϑ, we exploited
the fact that Choi matrices are isomorphic to density op-
erators, which justifies the use of LPDOs. However, while
Λϑ = Λ
†
ϑ and Λϑ ≥ 0 by construction, the LPDO is in-
herently not TP. That is, the condition Trτ Λϑ = 1σ is
not enforced at the level of the elementary tensors {Aj}.
We expect that, ifM is large enough and the model faith-
fully learns the quantum channel underlying the training
data set, this property should also be satisfied. Nonethe-
less, we can approximately impose the TP constraint by
adding a regularization term to C(ϑ), which induces a
bias towards trace-preserving matrices. We define this
regularization term as
Γϑ =
√
d−N‖∆ϑ‖F =
√
d−N
√
Trσ
(
∆ϑ∆
†
ϑ
)
, (7)
where ∆ϑ = TrτΛϑ − 1σ. The final cost function be-
comes C(ϑ) = −〈logPϑ(β |α)〉D + κΓϑ, where κ is a
hyper-parameter of the optimization.
Numerical experiments. We study the performance
of LPDO-based QPT for unitary and noisy quantum
channels. We adopt, for both the input states and mea-
surements, the IC-POVM set built out of the rank-1
projectors of the K = 6 eigenstates of the Pauli ma-
trices. For all the instances described, we generate the
training data set D using a uniform prior distribution
Q(α) = K−N . We split the data set into a training
set and a validation set, containing respectively 80% and
20% of the total data. The training data set contains the
measurements used to compute the gradients and train
the LPDO. The remaining held-out data is used for cross-
validation for selecting the optimal model, i.e. the set of
parameters yielding the lowest value of the cost function
computed on the validation data set. Details on the data
generation and the LPDO trainings are provided in the
Supplementary Material.
We start by studying the case of a unitary channel
characterized by a rank-1 Choi matrix ΛE = |ΨE〉〈ΨE |.
We perform QPT by setting the Kraus dimension to
χν = 1, leading to the parametrized Choi matrix
Λϑ = |Ψϑ〉〈Ψϑ| expressed in terms of an MPS Ψϑ. We
also set the bond dimension of the LPDO χµ equal to
the bond dimension χE of ΨE . Thus, there is no ap-
proximation in the representation of the channel, and
4any reconstruction error generates solely from the finite
size of the data set and any potential inefficiency of the
optimization procedure. We point out that, when the
ideal target quantum circuit is known, it is possible to
estimate what is the minimum value of χE leading to
a faithful tensor-network representation of the quantum
circuit. Both conditions on χµ and χν will be lifted for
the reconstruction of a noisy channel, later in this section.
During the training, we measure the cost function com-
puted on both the training and validation data sets. The
former monitors the learning progress, while the latter
monitors the overfitting and is used to select the opti-
mal parameters. In addition, we also measure the re-
construction fidelity, which we defined as the quantum
process fidelity F(ΛE ,Λϑ) of the reconstruction to the
true channel used to generate the data. The process fi-
delity is equivalent to the quantum state fidelity between
the two (properly normalized) Choi matrices
F(ΛE ,Λϑ) = d−2N
(
Tr
√√
ΛEΛϑ
√
ΛE
)2
. (8)
Note that, while this measurement cannot be per-
formed in a scalable manner for two arbitrary (noisy)
Choi-matrices, it is also not useful in an experimen-
tal scenario where ΛE is unknown. In this situa-
tion, one typically compares the fidelity between the
reconstructed and the expected ideal unitary channel,
F(Λϑ,ΛE) = d−2N 〈ΨE |Λϑ|ΨE〉, which can be carried
out using LPDOs by a tensor contraction. Here we con-
sider the former definition, as we are benchmarking the
faithfulness of the reconstruction.
The first test-case is a unitary quantum circuit contain-
ing a single layer of Hadamard gates acting on all qubits.
We train LPDOs for different sizesM of the training data
set, and we show in Fig. 2a the corresponding reconstruc-
tion fidelities measured at each training iteration (epoch),
forN = 4 qubits. Note that since the channel is noiseless,
the reconstruction fidelity reduces to the quantum state
fidelity for pure states, F(ΛE ,Λϑ) = d−2N |〈ΨE |Ψϑ〉|2.
From this data, we can compute the minimum number
of training samples M∗ required to reach a fixed accu-
racy ε in the reconstruction infidelity 1−F(Λϑ,ΛE). By
repeating the same experiment for several systems sizes
up to N = 10 (with ε = 0.025), we show the sample
complexity in Fig. 2b – the value M∗ as a function of N
– observing a favorable scaling consistent with a linear
behavior. We repeat the same experiment for a single
layer of random single-qubit rotations R(ϕj), observing
a similar scaling with a steeper slope.
We also consider a quantum circuit containingD layers
of controlled-NOT (CX) gates applied between neighbor-
ing qubits in a one-dimensional geometry. Each layer is
applied in a staggered manner (inset of Fig. 2d). We
perform the same analysis as for the one-qubit circuits,
and plot the fidelity curves for various M for a circuit
with N = 4 qubits and depth D = 4 (Fig. 2c). The
sample complexity, computed in an analogous manner,
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U =
<latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit>
= H
<latexit sha1_base64="YOyDmPjcjXDAgpPDgGAxC+IUHB8=">AAAB7HicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBPQiBLzkGMWYQLKE2clsMmQey8ysEJb8gUf1Il79Iw/+jZNkD5pY0FBUddPdFSWcGev7315hbX1jc6u4XdrZ3ds/KB8ePRqVakJbRHGlOxE2 lDNJW5ZZTjuJplhEnLaj8e3Mbz9RbZiSD3aS0FDgoWQxI9g66f6m0S9X/Ko/B1olQU4qkKPZL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmx+6RSdOW WAYqVdSYvm6u+JDAtjJiK6iIRrFtiOzLI9E//zuqmNr8OMySS1VJLFrjjlyCo0+xwNmKbE8okjmGjmzkVkhDUm1uVTcjkEy1+vksfLauBXg7tapV7LEynCCZzCOQRwBXVo QBNaQCCGZ3iFN096L96797FoLXj5zDH8gff5AwDUjhI=</latexit><latexit sha1_base64="YOyDmPjcjXDAgpPDgGAxC+IUHB8=">AAAB7HicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBPQiBLzkGMWYQLKE2clsMmQey8ysEJb8gUf1Il79Iw/+jZNkD5pY0FBUddPdFSWcGev7315hbX1jc6u4XdrZ3ds/KB8ePRqVakJbRHGlOxE2 lDNJW5ZZTjuJplhEnLaj8e3Mbz9RbZiSD3aS0FDgoWQxI9g66f6m0S9X/Ko/B1olQU4qkKPZL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmx+6RSdOW WAYqVdSYvm6u+JDAtjJiK6iIRrFtiOzLI9E//zuqmNr8OMySS1VJLFrjjlyCo0+xwNmKbE8okjmGjmzkVkhDUm1uVTcjkEy1+vksfLauBXg7tapV7LEynCCZzCOQRwBXVo QBNaQCCGZ3iFN096L96797FoLXj5zDH8gff5AwDUjhI=</latexit><latexit sha1_base64="YOyDmPjcjXDAgpPDgGAxC+IUHB8=">AAAB7HicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBPQiBLzkGMWYQLKE2clsMmQey8ysEJb8gUf1Il79Iw/+jZNkD5pY0FBUddPdFSWcGev7315hbX1jc6u4XdrZ3ds/KB8ePRqVakJbRHGlOxE2 lDNJW5ZZTjuJplhEnLaj8e3Mbz9RbZiSD3aS0FDgoWQxI9g66f6m0S9X/Ko/B1olQU4qkKPZL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmx+6RSdOW WAYqVdSYvm6u+JDAtjJiK6iIRrFtiOzLI9E//zuqmNr8OMySS1VJLFrjjlyCo0+xwNmKbE8okjmGjmzkVkhDUm1uVTcjkEy1+vksfLauBXg7tapV7LEynCCZzCOQRwBXVo QBNaQCCGZ3iFN096L96797FoLXj5zDH8gff5AwDUjhI=</latexit><latexit sha1_base64="YOyDmPjcjXDAgpPDgGAxC+IUHB8=">AAAB7HicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBPQiBLzkGMWYQLKE2clsMmQey8ysEJb8gUf1Il79Iw/+jZNkD5pY0FBUddPdFSWcGev7315hbX1jc6u4XdrZ3ds/KB8ePRqVakJbRHGlOxE2 lDNJW5ZZTjuJplhEnLaj8e3Mbz9RbZiSD3aS0FDgoWQxI9g66f6m0S9X/Ko/B1olQU4qkKPZL3/1BoqkgkpLODamG/iJDTOsLSOcTku91NAEkzEe0q6jEgtqwmx+6RSdOW WAYqVdSYvm6u+JDAtjJiK6iIRrFtiOzLI9E//zuqmNr8OMySS1VJLFrjjlyCo0+xwNmKbE8okjmGjmzkVkhDUm1uVTcjkEy1+vksfLauBXg7tapV7LEynCCZzCOQRwBXVo QBNaQCCGZ3iFN096L96797FoLXj5zDH8gff5AwDUjhI=</latexit>
= R( j)
<latexit sha1_base64="0UNKA58J5WVZYRDAI6wFQvSl+XQ=">AAAB+3icbVDLSs NAFJ3UV62PRl26GSxCBSmJFHQjFNy4rGIf0IQwmU7asTOTMDMRSsiXuFQ34tZPceHfOG2z0NYDFw7n3Mu994QJo0o7zrdVWlvf2Nwqb1d2dvf2q/bBYVfFqcSkg2MWy36I FGFUkI6mmpF+IgniISO9cHIz83tPRCoaiwc9TYjP0UjQiGKkjRTY1ev7uhfyzEvGNA8ezwK75jScOeAqcQtSAwXagf3lDWOcciI0Zkipgesk2s+Q1BQzkle8VJEE4QkakY GhAnGi/Gx+eA5PjTKEUSxNCQ3n6u+JDHGlpjw8D7lp5kiP1bI9E//zBqmOrvyMiiTVRODFrihlUMdwFgQcUkmwZlNDEJbUnAvxGEmEtYmrYnJwl79eJd2Lhus03LtmrdUs EimDY3AC6sAFl6AFbkEbdAAGKXgGr+DNyq0X6936WLSWrGLmCPyB9fkD9iGTqQ==</latexit><latexit sha1_base64="0UNKA58J5WVZYRDAI6wFQvSl+XQ=">AAAB+3icbVDLSs NAFJ3UV62PRl26GSxCBSmJFHQjFNy4rGIf0IQwmU7asTOTMDMRSsiXuFQ34tZPceHfOG2z0NYDFw7n3Mu994QJo0o7zrdVWlvf2Nwqb1d2dvf2q/bBYVfFqcSkg2MWy36I FGFUkI6mmpF+IgniISO9cHIz83tPRCoaiwc9TYjP0UjQiGKkjRTY1ev7uhfyzEvGNA8ezwK75jScOeAqcQtSAwXagf3lDWOcciI0Zkipgesk2s+Q1BQzkle8VJEE4QkakY GhAnGi/Gx+eA5PjTKEUSxNCQ3n6u+JDHGlpjw8D7lp5kiP1bI9E//zBqmOrvyMiiTVRODFrihlUMdwFgQcUkmwZlNDEJbUnAvxGEmEtYmrYnJwl79eJd2Lhus03LtmrdUs EimDY3AC6sAFl6AFbkEbdAAGKXgGr+DNyq0X6936WLSWrGLmCPyB9fkD9iGTqQ==</latexit><latexit sha1_base64="0UNKA58J5WVZYRDAI6wFQvSl+XQ=">AAAB+3icbVDLSs NAFJ3UV62PRl26GSxCBSmJFHQjFNy4rGIf0IQwmU7asTOTMDMRSsiXuFQ34tZPceHfOG2z0NYDFw7n3Mu994QJo0o7zrdVWlvf2Nwqb1d2dvf2q/bBYVfFqcSkg2MWy36I FGFUkI6mmpF+IgniISO9cHIz83tPRCoaiwc9TYjP0UjQiGKkjRTY1ev7uhfyzEvGNA8ezwK75jScOeAqcQtSAwXagf3lDWOcciI0Zkipgesk2s+Q1BQzkle8VJEE4QkakY GhAnGi/Gx+eA5PjTKEUSxNCQ3n6u+JDHGlpjw8D7lp5kiP1bI9E//zBqmOrvyMiiTVRODFrihlUMdwFgQcUkmwZlNDEJbUnAvxGEmEtYmrYnJwl79eJd2Lhus03LtmrdUs EimDY3AC6sAFl6AFbkEbdAAGKXgGr+DNyq0X6936WLSWrGLmCPyB9fkD9iGTqQ==</latexit><latexit sha1_base64="0UNKA58J5WVZYRDAI6wFQvSl+XQ=">AAAB+3icbVDLSs NAFJ3UV62PRl26GSxCBSmJFHQjFNy4rGIf0IQwmU7asTOTMDMRSsiXuFQ34tZPceHfOG2z0NYDFw7n3Mu994QJo0o7zrdVWlvf2Nwqb1d2dvf2q/bBYVfFqcSkg2MWy36I FGFUkI6mmpF+IgniISO9cHIz83tPRCoaiwc9TYjP0UjQiGKkjRTY1ev7uhfyzEvGNA8ezwK75jScOeAqcQtSAwXagf3lDWOcciI0Zkipgesk2s+Q1BQzkle8VJEE4QkakY GhAnGi/Gx+eA5PjTKEUSxNCQ3n6u+JDHGlpjw8D7lp5kiP1bI9E//zBqmOrvyMiiTVRODFrihlUMdwFgQcUkmwZlNDEJbUnAvxGEmEtYmrYnJwl79eJd2Lhus03LtmrdUs EimDY3AC6sAFl6AFbkEbdAAGKXgGr+DNyq0X6936WLSWrGLmCPyB9fkD9iGTqQ==</latexit>
U =
<latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit><latexit sha1_base64="DRjlAGnNT2aYxebUKUYngyCPwE8=">AAAB9nicbVBNSw MxFHxbv2r9qnr0EiyCBym7UtCLUPDisYLbFrpLyaZpG5pklyQrlqV/w6N6Ea/+GQ/+G7PtHrR1IDDMvMebTJRwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Y2w ppxJ6htmOO0mimIRcdqJJre533mkSrNYPphpQkOBR5INGcHGSkEgsBkTzDN/dtOv1ty6OwdaJV5BalCg1a9+BYOYpIJKQzjWuue5iQkzrAwjnM4qQappgskEj2jPUokF1W E2zzxDZ1YZoGGs7JMGzdXfGxkWWk9FdBEJO5zH1Mt2Lv7n9VIzvA4zJpPUUEkWt4YpRyZGeQdowBQlhk8twUQxGxeRMVaYGNtUxfbgLf96lbQv655b9+4btWajaKQMJ3AK 5+DBFTThDlrgA4EEnuEV3pwn58V5dz4WoyWn2DmGP3A+fwADNpKx</latexit>
D = 2
<latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7Qgb ypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOn NKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJq cAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7Qgb ypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOn NKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJq cAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7Qgb ypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOn NKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJq cAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7Qgb ypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOn NKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJq cAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit>
D = 3
<latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit>
D = 4
<latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KG ciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6 f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CD O6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KG ciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6 f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CD O6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KG ciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6 f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CD O6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KG ciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6 f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CD O6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit>
D = 5
<latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSg NBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN 5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnT ilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU 4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit>
M⇤
<latexit sha1_base64="fGOxhQA/HdZZ2avRFuBj/+HymG8=">AAAB7XicbVDJSg NBEK2JW4xb1KOXxiCISJgRQQ8eAl68CBHNAskYejo9SZNehu4eIQz5BI/qRbz6RR78GzvLQRMfFDzeq6KqXpRwZqzvf3u5peWV1bX8emFjc2t7p7i7Vzcq1YTWiOJKNyNs KGeS1iyznDYTTbGIOG1Eg+ux33ii2jAlH+wwoaHAPcliRrB10v3t40mnWPLL/gRokQQzUoIZqp3iV7urSCqotIRjY1qBn9gww9oywumo0E4NTTAZ4B5tOSqxoCbMJqeO0J FTuihW2pW0aKL+nsiwMGYootNIuGaBbd/M22PxP6+V2vgyzJhMUkslme6KU46sQuPXUZdpSiwfOoKJZu5cRPpYY2JdQAWXQzD/9SKpn5UDvxzcnZcqV7NE8nAAh3AMAVxA BW6gCjUg0INneIU3T3kv3rv3MW3NebOZffgD7/MHoxCOdA==</latexit><latexit sha1_base64="fGOxhQA/HdZZ2avRFuBj/+HymG8=">AAAB7XicbVDJSg NBEK2JW4xb1KOXxiCISJgRQQ8eAl68CBHNAskYejo9SZNehu4eIQz5BI/qRbz6RR78GzvLQRMfFDzeq6KqXpRwZqzvf3u5peWV1bX8emFjc2t7p7i7Vzcq1YTWiOJKNyNs KGeS1iyznDYTTbGIOG1Eg+ux33ii2jAlH+wwoaHAPcliRrB10v3t40mnWPLL/gRokQQzUoIZqp3iV7urSCqotIRjY1qBn9gww9oywumo0E4NTTAZ4B5tOSqxoCbMJqeO0J FTuihW2pW0aKL+nsiwMGYootNIuGaBbd/M22PxP6+V2vgyzJhMUkslme6KU46sQuPXUZdpSiwfOoKJZu5cRPpYY2JdQAWXQzD/9SKpn5UDvxzcnZcqV7NE8nAAh3AMAVxA BW6gCjUg0INneIU3T3kv3rv3MW3NebOZffgD7/MHoxCOdA==</latexit><latexit sha1_base64="fGOxhQA/HdZZ2avRFuBj/+HymG8=">AAAB7XicbVDJSg NBEK2JW4xb1KOXxiCISJgRQQ8eAl68CBHNAskYejo9SZNehu4eIQz5BI/qRbz6RR78GzvLQRMfFDzeq6KqXpRwZqzvf3u5peWV1bX8emFjc2t7p7i7Vzcq1YTWiOJKNyNs KGeS1iyznDYTTbGIOG1Eg+ux33ii2jAlH+wwoaHAPcliRrB10v3t40mnWPLL/gRokQQzUoIZqp3iV7urSCqotIRjY1qBn9gww9oywumo0E4NTTAZ4B5tOSqxoCbMJqeO0J FTuihW2pW0aKL+nsiwMGYootNIuGaBbd/M22PxP6+V2vgyzJhMUkslme6KU46sQuPXUZdpSiwfOoKJZu5cRPpYY2JdQAWXQzD/9SKpn5UDvxzcnZcqV7NE8nAAh3AMAVxA BW6gCjUg0INneIU3T3kv3rv3MW3NebOZffgD7/MHoxCOdA==</latexit><latexit sha1_base64="fGOxhQA/HdZZ2avRFuBj/+HymG8=">AAAB7XicbVDJSg NBEK2JW4xb1KOXxiCISJgRQQ8eAl68CBHNAskYejo9SZNehu4eIQz5BI/qRbz6RR78GzvLQRMfFDzeq6KqXpRwZqzvf3u5peWV1bX8emFjc2t7p7i7Vzcq1YTWiOJKNyNs KGeS1iyznDYTTbGIOG1Eg+ux33ii2jAlH+wwoaHAPcliRrB10v3t40mnWPLL/gRokQQzUoIZqp3iV7urSCqotIRjY1qBn9gww9oywumo0E4NTTAZ4B5tOSqxoCbMJqeO0J FTuihW2pW0aKL+nsiwMGYootNIuGaBbd/M22PxP6+V2vgyzJhMUkslme6KU46sQuPXUZdpSiwfOoKJZu5cRPpYY2JdQAWXQzD/9SKpn5UDvxzcnZcqV7NE8nAAh3AMAVxA BW6gCjUg0INneIU3T3kv3rv3MW3NebOZffgD7/MHoxCOdA==</latexit>
Epochs
<latexit sha1_base64="tm0pxHiCFezXBqRk0RoDO5yQs/s=">AAAB93icbVA9Sw NBEJ2LXzF+RQUbm8UgWEi4s9HCIiCCZQTzAckR9zZ7yZK9vXN3Tg1Hfoel2oitP8bCf+MmsdDEBwOP92aYmRckUhh03S8nt7C4tLySXy2srW9sbhW3d+omTjXjNRbLWDcD argUitdQoOTNRHMaBZI3gsHF2G/cc21ErG5wmHA/oj0lQsEoWslvI3/E7DKJWd+MOsWSW3YnIPPE+yGlyl794RYAqp3iZ7sbszTiCpmkxrQ8N0E/oxoFk3xUaKeGJ5QNaI +3LFU04sbPJkePyKFVuiSMtS2FZKL+nshoZMwwCo6DyDZHFPtm1h6L/3mtFMMzPxMqSZErNt0VppJgTMYhkK7QnKEcWkKZFvZcwvpUU4Y2qoLNwZv9ep7UT8qeW/aubSDn MEUe9uEAjsCDU6jAFVShBgzu4Ale4NUZOs/Om/M+bc05PzO78AfOxzdb7pT9</latexit><latexit sha1_base64="z6bbbu1c/5B9gFhxfAId2q+0n0g=">AAAB93icbVDLSg NBEJyNrxhfUcGLl8EgeJCw60UPHgIieIxgHpAsYXYymwyZ3RlnetVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBUddPdFSjBDbjul5NbWl5ZXcuvFzY2t7Z3irt7dSMTTVmNSiF1 MyCGCR6zGnAQrKk0I1EgWCMYXI39xgPThsv4DlLF/Ij0Yh5ySsBKfhvYE2TXStK+GXaKJbfsToAXiTcjpcpB/VGl36Nqp/jZ7kqaRCwGKogxLc9V4GdEA6eCDQvtxDBF6I D0WMvSmETM+Nnk6CE+tkoXh1LbigFP1N8TGYmMSaPgNIhsc0Sgb+btsfif10ogvPAzHqsEWEynu8JEYJB4HALucs0oiNQSQjW352LaJ5pQsFEVbA7e/NeLpH5W9tyyd2sD uURT5NEhOkInyEPnqIJuUBXVEEX36Bm9oFcndUbOm/M+bc05s5l99AfOxw8fmpcK</latexit><latexit sha1_base64="z6bbbu1c/5B9gFhxfAId2q+0n0g=">AAAB93icbVDLSg NBEJyNrxhfUcGLl8EgeJCw60UPHgIieIxgHpAsYXYymwyZ3RlnetVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBUddPdFSjBDbjul5NbWl5ZXcuvFzY2t7Z3irt7dSMTTVmNSiF1 MyCGCR6zGnAQrKk0I1EgWCMYXI39xgPThsv4DlLF/Ij0Yh5ySsBKfhvYE2TXStK+GXaKJbfsToAXiTcjpcpB/VGl36Nqp/jZ7kqaRCwGKogxLc9V4GdEA6eCDQvtxDBF6I D0WMvSmETM+Nnk6CE+tkoXh1LbigFP1N8TGYmMSaPgNIhsc0Sgb+btsfif10ogvPAzHqsEWEynu8JEYJB4HALucs0oiNQSQjW352LaJ5pQsFEVbA7e/NeLpH5W9tyyd2sD uURT5NEhOkInyEPnqIJuUBXVEEX36Bm9oFcndUbOm/M+bc05s5l99AfOxw8fmpcK</latexit><latexit sha1_base64="PWjrPZeuyae12fw7epc6SQwbQ3Q=">AAAB93icbVDLSg NBEJyNrxhfUY9eBoPgQcKuFz14CIjgMYJ5QLKE2clsMmQe60yvGJZ8h0f1Il79GA/+jZNkD5pY0FBUddPdFSWCW/D9b6+wsrq2vlHcLG1t7+zulfcPmlanhrIG1UKbdkQs E1yxBnAQrJ0YRmQkWCsaXU/91iMzlmt1D+OEhZIMFI85JeCksAvsCbKbRNOhnfTKFb/qz4CXSZCTCspR75W/un1NU8kUUEGs7QR+AmFGDHAq2KTUTS1LCB2RAes4qohkNs xmR0/wiVP6ONbGlQI8U39PZERaO5bRWSRdsyQwtIv2VPzP66QQX4YZV0kKTNH5rjgVGDSehoD73DAKYuwIoYa7czEdEkMouKhKLodg8etl0jyvBn41uPMrtas8kSI6Qsfo FAXoAtXQLaqjBqLoAT2jV/Tmjb0X7937mLcWvHzmEP2B9/kDTNqTeg==</latexit>
N
<latexit sha1_base64="HZm7X/9RyrEcfe+QX8eM55bmj0Y=">AAAB63icbZC7Sg NBFIbPeo3xFrW0GQyChYRdGy0EAzZWkoC5QLKE2cnZZMjM7jIzK4QlpZWl2oitD+JDWPgMvoSTS6GJPwx8/P85zDknSATXxnW/nKXlldW19dxGfnNre2e3sLdf13GqGNZY LGLVDKhGwSOsGW4ENhOFVAYCG8Hgepw37lFpHkd3ZpigL2kv4iFn1FiretspFN2SOxFZBG8GxauP7wcCAJVO4bPdjVkqMTJMUK1bnpsYP6PKcCZwlG+nGhPKBrSHLYsRla j9bDLoiBxbp0vCWNkXGTJxf3dkVGo9lMFpIG2xpKav5+Ox+V/WSk144Wc8SlKDEZv+FaaCmJiMFyddrpAZMbRAmeJ2XML6VFFm7Hny9g7e/NaLUD8reW7Jq7rF8iVMlYND OIIT8OAcynADFagBA4RHeIYXRzpPzqvzNi1dcmY9B/BHzvsPB86QZQ==</latexit><latexit sha1_base64="h6VYpVXUiRwyBSfq4P6lgkErhIE=">AAAB63icbZC7Sg NBFIbPxluMt6ilIINBsJCwa6OFYMDGShIwF0iWMDuZTYbMzC4zs0JYUlpZqo3Y+g62PoSFz6AP4eRSaOIPAx//fw5zzglizrRx3U8ns7C4tLySXc2trW9sbuW3d2o6ShSh VRLxSDUCrClnklYNM5w2YkWxCDitB/3LUV6/pUqzSN6YQUx9gbuShYxgY63KdTtfcIvuWGgevCkULt6/7vbfKt/ldv6j1YlIIqg0hGOtm54bGz/FyjDC6TDXSjSNMenjLm 1alFhQ7afjQYfo0DodFEbKPmnQ2P3dkWKh9UAEx4GwxQKbnp6NR+Z/WTMx4ZmfMhknhkoy+StMODIRGi2OOkxRYvjAAiaK2XER6WGFibHnydk7eLNbz0PtpOi5Ra/iFkrn MFEW9uAAjsCDUyjBFZShCgQo3MMjPDnCeXCenZdJacaZ9uzCHzmvP6gvklg=</latexit><latexit sha1_base64="h6VYpVXUiRwyBSfq4P6lgkErhIE=">AAAB63icbZC7Sg NBFIbPxluMt6ilIINBsJCwa6OFYMDGShIwF0iWMDuZTYbMzC4zs0JYUlpZqo3Y+g62PoSFz6AP4eRSaOIPAx//fw5zzglizrRx3U8ns7C4tLySXc2trW9sbuW3d2o6ShSh VRLxSDUCrClnklYNM5w2YkWxCDitB/3LUV6/pUqzSN6YQUx9gbuShYxgY63KdTtfcIvuWGgevCkULt6/7vbfKt/ldv6j1YlIIqg0hGOtm54bGz/FyjDC6TDXSjSNMenjLm 1alFhQ7afjQYfo0DodFEbKPmnQ2P3dkWKh9UAEx4GwxQKbnp6NR+Z/WTMx4ZmfMhknhkoy+StMODIRGi2OOkxRYvjAAiaK2XER6WGFibHnydk7eLNbz0PtpOi5Ra/iFkrn MFEW9uAAjsCDUyjBFZShCgQo3MMjPDnCeXCenZdJacaZ9uzCHzmvP6gvklg=</latexit><latexit sha1_base64="x2Kn8o034enO5+qoGawZC7Zpkdw=">AAAB63icbVA9Sw NBEJ3zM8avqKXNYhAsJNzZaGERsLGSBMwHJEfY28wlS3b3jt09IYT8Aku1EVt/koX/xk1yhSY+GHi8N8PMvCgV3Fjf//bW1jc2t7YLO8Xdvf2Dw9LRcdMkmWbYYIlIdDui BgVX2LDcCmynGqmMBLai0d3Mbz2hNjxRj3acYijpQPGYM2qdVH/olcp+xZ+DrJIgJ2XIUeuVvrr9hGUSlWWCGtMJ/NSGE6otZwKnxW5mMKVsRAfYcVRRiSaczA+dknOn9E mcaFfKkrn6e2JCpTFjGV1G0jVLaodm2Z6J/3mdzMY34YSrNLOo2GJXnAliEzJ7nPS5RmbF2BHKNHfnEjakmjLr4im6HILlr1dJ86oS+JWg7pert3kiBTiFM7iAAK6hCvdQ gwYwQHiGV3jzpPfivXsfi9Y1L585gT/wPn8AiMiN1Q==</latexit>
a b
c d
M =
<latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSg MxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcj bChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnT qnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrc Qh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSg MxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcj bChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnT qnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrc Qh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="22PnN6OD8tiZt2ITaCAH+U9QGHU=">AAAB7HicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgBcvQhTzgGQJs5PZZMg8lplZISz5A4/qRbz6Rx78GyfJHjSxoKGo6qa7K0o4M9b3v72V1bX1jc3CVnF7Z3dvv3Rw2DQq1YQ2iOJKtyNs KGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+04oaHAA8liRrB10sPdda9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZpRN06p Q+ipV2JS2aqb8nMiyMGYvoPBKuWWA7NIv2VPzP66Q2vgozJpPUUknmu+KUI6vQ9HPUZ5oSy8eOYKKZOxeRIdaYWJdP0eUQLH69TJoXlcCvBPfVcq2aJ1KAYziBMwjgEmpw C3VoAIEYnuEV3jzpvXjv3se8dcXLZ47gD7zPHwiHjhc=</latexit><latexit sha1_base64="22PnN6OD8tiZt2ITaCAH+U9QGHU=">AAAB7HicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgBcvQhTzgGQJs5PZZMg8lplZISz5A4/qRbz6Rx78GyfJHjSxoKGo6qa7K0o4M9b3v72V1bX1jc3CVnF7Z3dvv3Rw2DQq1YQ2iOJKtyNs KGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+04oaHAA8liRrB10sPdda9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZpRN06p Q+ipV2JS2aqb8nMiyMGYvoPBKuWWA7NIv2VPzP66Q2vgozJpPUUknmu+KUI6vQ9HPUZ5oSy8eOYKKZOxeRIdaYWJdP0eUQLH69TJoXlcCvBPfVcq2aJ1KAYziBMwjgEmpw C3VoAIEYnuEV3jzpvXjv3se8dcXLZ47gD7zPHwiHjhc=</latexit>
2⇥ 103
<latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit>
4⇥ 103
<latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit>
6⇥ 103
<latexit sha1_base64="iWmkDQiLo7d8WXTqCgsW+3FujMc=">AAAB9XicbVBNSw MxEJ2tX7V+VT16CRbBg5RdLeqx4MVjBfsB27Vk02wbmk2WJKuUpT/Do3oRr/4aD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2JN ORO0aZjhtJMoiuOQ03Y4upn67UeqNJPi3owTGsR4IFjECDZW8i+7hsVUe+7DRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBbaLgm x28gSdWKWPIqlsCYNm6u+JDMdaj+PwLIxtc4zNUC/aU/E/z09NdB1kTCSpoYLMd0UpR0aiaQSozxQlho8twUQxey4iQ6wwMTaoks3BW/x6mbTOq55b9e5qlXotT6QIR3AM p+DBFdThFhrQBAISnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAoTJGN</latexit><latexit sha1_base64="iWmkDQiLo7d8WXTqCgsW+3FujMc=">AAAB9XicbVBNSw MxEJ2tX7V+VT16CRbBg5RdLeqx4MVjBfsB27Vk02wbmk2WJKuUpT/Do3oRr/4aD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2JN ORO0aZjhtJMoiuOQ03Y4upn67UeqNJPi3owTGsR4IFjECDZW8i+7hsVUe+7DRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBbaLgm x28gSdWKWPIqlsCYNm6u+JDMdaj+PwLIxtc4zNUC/aU/E/z09NdB1kTCSpoYLMd0UpR0aiaQSozxQlho8twUQxey4iQ6wwMTaoks3BW/x6mbTOq55b9e5qlXotT6QIR3AM p+DBFdThFhrQBAISnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAoTJGN</latexit><latexit sha1_base64="iWmkDQiLo7d8WXTqCgsW+3FujMc=">AAAB9XicbVBNSw MxEJ2tX7V+VT16CRbBg5RdLeqx4MVjBfsB27Vk02wbmk2WJKuUpT/Do3oRr/4aD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2JN ORO0aZjhtJMoiuOQ03Y4upn67UeqNJPi3owTGsR4IFjECDZW8i+7hsVUe+7DRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBbaLgm x28gSdWKWPIqlsCYNm6u+JDMdaj+PwLIxtc4zNUC/aU/E/z09NdB1kTCSpoYLMd0UpR0aiaQSozxQlho8twUQxey4iQ6wwMTaoks3BW/x6mbTOq55b9e5qlXotT6QIR3AM p+DBFdThFhrQBAISnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAoTJGN</latexit><latexit sha1_base64="iWmkDQiLo7d8WXTqCgsW+3FujMc=">AAAB9XicbVBNSw MxEJ2tX7V+VT16CRbBg5RdLeqx4MVjBfsB27Vk02wbmk2WJKuUpT/Do3oRr/4aD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2JN ORO0aZjhtJMoiuOQ03Y4upn67UeqNJPi3owTGsR4IFjECDZW8i+7hsVUe+7DRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBbaLgm x28gSdWKWPIqlsCYNm6u+JDMdaj+PwLIxtc4zNUC/aU/E/z09NdB1kTCSpoYLMd0UpR0aiaQSozxQlho8twUQxey4iQ6wwMTaoks3BW/x6mbTOq55b9e5qlXotT6QIR3AM p+DBFdThFhrQBAISnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAoTJGN</latexit>
8⇥ 103
<latexit sha1_base64="rU6wMfCQB13U7/S5w+g0aeAH5ak=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcquFuyx4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfr0HXDLjuQ9X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKJ6kPE4SYHFdLErSgUGhWcR4AHXjIKYWEKo5vZcTEdEEwo2qJLNwVv+epW0L6ueW/XuapVGLU+kiE7QKTpH HrpGDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPytukY8=</latexit><latexit sha1_base64="rU6wMfCQB13U7/S5w+g0aeAH5ak=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcquFuyx4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfr0HXDLjuQ9X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKJ6kPE4SYHFdLErSgUGhWcR4AHXjIKYWEKo5vZcTEdEEwo2qJLNwVv+epW0L6ueW/XuapVGLU+kiE7QKTpH HrpGDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPytukY8=</latexit><latexit sha1_base64="rU6wMfCQB13U7/S5w+g0aeAH5ak=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcquFuyx4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfr0HXDLjuQ9X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKJ6kPE4SYHFdLErSgUGhWcR4AHXjIKYWEKo5vZcTEdEEwo2qJLNwVv+epW0L6ueW/XuapVGLU+kiE7QKTpH HrpGDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPytukY8=</latexit><latexit sha1_base64="rU6wMfCQB13U7/S5w+g0aeAH5ak=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcquFuyx4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfr0HXDLjuQ9X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKJ6kPE4SYHFdLErSgUGhWcR4AHXjIKYWEKo5vZcTEdEEwo2qJLNwVv+epW0L6ueW/XuapVGLU+kiE7QKTpH HrpGDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPytukY8=</latexit>
1⇥ 104
<latexit sha1_base64="hb+bDiHA/bsdxXaGityCyLKiXh4=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpGCnosePFYwX7Adi3ZNNuGJtklmVVK6c/wqF7Eq7/Gg//GtN2Dtj4YeLw3w8y8KJXCgu9/e4W19Y3NreJ2aWd3b/+gfHjUsklmGG+yRCamE1HL pdC8CQIk76SGUxVJ3o5GNzO//ciNFYm+h3HKQ0UHWsSCUXBSQLogFLfEf6j1yhW/6s+BVwnJSQXlaPTKX91+wjLFNTBJrQ2In0I4oQYEk3xa6maWp5SN6IAHjmrqFoWT+c lTfOaUPo4T40oDnqu/JyZUWTtW0UWkXLOiMLTL9kz8zwsyiK/DidBpBlyzxa44kxgSPIsA94XhDOTYEcqMcOdiNqSGMnBBlVwOZPnrVdK6rBK/Su5qlXotT6SITtApOkcE XaE6ukUN1EQMJegZvaI378l78d69j0VrwctnjtEfeJ8/If6RiQ==</latexit><latexit sha1_base64="hb+bDiHA/bsdxXaGityCyLKiXh4=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpGCnosePFYwX7Adi3ZNNuGJtklmVVK6c/wqF7Eq7/Gg//GtN2Dtj4YeLw3w8y8KJXCgu9/e4W19Y3NreJ2aWd3b/+gfHjUsklmGG+yRCamE1HL pdC8CQIk76SGUxVJ3o5GNzO//ciNFYm+h3HKQ0UHWsSCUXBSQLogFLfEf6j1yhW/6s+BVwnJSQXlaPTKX91+wjLFNTBJrQ2In0I4oQYEk3xa6maWp5SN6IAHjmrqFoWT+c lTfOaUPo4T40oDnqu/JyZUWTtW0UWkXLOiMLTL9kz8zwsyiK/DidBpBlyzxa44kxgSPIsA94XhDOTYEcqMcOdiNqSGMnBBlVwOZPnrVdK6rBK/Su5qlXotT6SITtApOkcE XaE6ukUN1EQMJegZvaI378l78d69j0VrwctnjtEfeJ8/If6RiQ==</latexit><latexit sha1_base64="hb+bDiHA/bsdxXaGityCyLKiXh4=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpGCnosePFYwX7Adi3ZNNuGJtklmVVK6c/wqF7Eq7/Gg//GtN2Dtj4YeLw3w8y8KJXCgu9/e4W19Y3NreJ2aWd3b/+gfHjUsklmGG+yRCamE1HL pdC8CQIk76SGUxVJ3o5GNzO//ciNFYm+h3HKQ0UHWsSCUXBSQLogFLfEf6j1yhW/6s+BVwnJSQXlaPTKX91+wjLFNTBJrQ2In0I4oQYEk3xa6maWp5SN6IAHjmrqFoWT+c lTfOaUPo4T40oDnqu/JyZUWTtW0UWkXLOiMLTL9kz8zwsyiK/DidBpBlyzxa44kxgSPIsA94XhDOTYEcqMcOdiNqSGMnBBlVwOZPnrVdK6rBK/Su5qlXotT6SITtApOkcE XaE6ukUN1EQMJegZvaI378l78d69j0VrwctnjtEfeJ8/If6RiQ==</latexit><latexit sha1_base64="hb+bDiHA/bsdxXaGityCyLKiXh4=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpGCnosePFYwX7Adi3ZNNuGJtklmVVK6c/wqF7Eq7/Gg//GtN2Dtj4YeLw3w8y8KJXCgu9/e4W19Y3NreJ2aWd3b/+gfHjUsklmGG+yRCamE1HL pdC8CQIk76SGUxVJ3o5GNzO//ciNFYm+h3HKQ0UHWsSCUXBSQLogFLfEf6j1yhW/6s+BVwnJSQXlaPTKX91+wjLFNTBJrQ2In0I4oQYEk3xa6maWp5SN6IAHjmrqFoWT+c lTfOaUPo4T40oDnqu/JyZUWTtW0UWkXLOiMLTL9kz8zwsyiK/DidBpBlyzxa44kxgSPIsA94XhDOTYEcqMcOdiNqSGMnBBlVwOZPnrVdK6rBK/Su5qlXotT6SITtApOkcE XaE6ukUN1EQMJegZvaI378l78d69j0VrwctnjtEfeJ8/If6RiQ==</latexit>
M =
<latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSg MxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcj bChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnT qnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrc Qh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSg MxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcj bChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnT qnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrc Qh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="22PnN6OD8tiZt2ITaCAH+U9QGHU=">AAAB7HicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgBcvQhTzgGQJs5PZZMg8lplZISz5A4/qRbz6Rx78GyfJHjSxoKGo6qa7K0o4M9b3v72V1bX1jc3CVnF7Z3dvv3Rw2DQq1YQ2iOJKtyNs KGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+04oaHAA8liRrB10sPdda9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZpRN06p Q+ipV2JS2aqb8nMiyMGYvoPBKuWWA7NIv2VPzP66Q2vgozJpPUUknmu+KUI6vQ9HPUZ5oSy8eOYKKZOxeRIdaYWJdP0eUQLH69TJoXlcCvBPfVcq2aJ1KAYziBMwjgEmpw C3VoAIEYnuEV3jzpvXjv3se8dcXLZ47gD7zPHwiHjhc=</latexit><latexit sha1_base64="22PnN6OD8tiZt2ITaCAH+U9QGHU=">AAAB7HicbVDLSg NBEOz1GeMr6tHLYBA8SNiVgF6EgBcvQhTzgGQJs5PZZMg8lplZISz5A4/qRbz6Rx78GyfJHjSxoKGo6qa7K0o4M9b3v72V1bX1jc3CVnF7Z3dvv3Rw2DQq1YQ2iOJKtyNs KGeSNiyznLYTTbGIOG1Fo5up33qi2jAlH+04oaHAA8liRrB10sPdda9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZpRN06p Q+ipV2JS2aqb8nMiyMGYvoPBKuWWA7NIv2VPzP66Q2vgozJpPUUknmu+KUI6vQ9HPUZ5oSy8eOYKKZOxeRIdaYWJdP0eUQLH69TJoXlcCvBPfVcq2aJ1KAYziBMwjgEmpw C3VoAIEYnuEV3jzpvXjv3se8dcXLZ47gD7zPHwiHjhc=</latexit>
2⇥ 103
<latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit><latexit sha1_base64="TTvnzJ4/yRxfJ2dNsPHEkoHLNpY=">AAAB9XicbVBNSw MxEM3Wr1q/qh69BIvgQcpuLeix4MVjBfsB27Vk02wbmmyWZFYpS3+GR/UiXv01Hvw3pu0etPXBwOO9GWbmhYngBlz32ymsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6GxLD BI9ZCzgI1k00IzIUrBOOb2Z+55Fpw1V8D5OEBZIMYx5xSsBKfq0HXDLjuQ+X/XLFrbpz4FXi5aSCcjT75a/eQNFUshioIMb4nptAkBENnAo2LfVSwxJCx2TIfEtjYhcF2f zkKT6zygBHStuKAc/V3xMZkcZMZHgRStssCYzMsj0T//P8FKLrIONxkgKL6WJXlAoMCs8iwAOuGQUxsYRQze25mI6IJhRsUCWbg7f89Spp16qeW/Xu6pVGPU+kiE7QKTpH HrpCDXSLmqiFKFLoGb2iN+fJeXHenY9Fa8HJZ47RHzifPyIIkYk=</latexit>
4⇥ 103
<latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit><latexit sha1_base64="czfC5bz9N02aMTveiDyK05cj2rU=">AAAB9XicbVDLSg NBEJz1GeMr6tHLYBA8SNjVgB4DXjxGMA/YrGF2MpsMmccy06uEkM/wqF7Eq1/jwb9xkuxBEwsaiqpuurviVHALvv/trayurW9sFraK2zu7e/ulg8Om1ZmhrEG10KYdE8sE V6wBHARrp4YRGQvWioc3U7/1yIzlWt3DKGWRJH3FE04JOCmsdoBLZgP/4bJbKvsVfwa8TIKclFGOerf01elpmkmmgApibRj4KURjYoBTwSbFTmZZSuiQ9FnoqCJuUTSenT zBp07p4UQbVwrwTP09MSbS2pGMz2PpmiWBgV20p+J/XphBch2NuUozYIrOdyWZwKDxNALc44ZRECNHCDXcnYvpgBhCwQVVdDkEi18vk+ZFJfArwV21XKvmiRTQMTpBZyhA V6iGblEdNRBFGj2jV/TmPXkv3rv3MW9d8fKZI/QH3ucPJSqRiw==</latexit>
1⇥ 103
<latexit sha1_base64="aXasnP6roM98eQz4+dI1KV33y1U=">AAAB9XicbVBNSw MxEM36WetX1aOXYBE8SNloQY8FLx4r2A/YriWbZtvQZLMks0op/Rke1Yt49dd48N+YtnvQ1gcDj/dmmJkXpVJY8P1vb2V1bX1js7BV3N7Z3dsvHRw2rc4M4w2mpTbtiFou RcIbIEDydmo4VZHkrWh4M/Vbj9xYoZN7GKU8VLSfiFgwCk4KSAeE4pb4D5fdUtmv+DPgZUJyUkY56t3SV6enWaZ4AkxSawPipxCOqQHBJJ8UO5nlKWVD2ueBowl1i8Lx7O QJPnVKD8fauEoAz9TfE2OqrB2p6DxSrllRGNhFeyr+5wUZxNfhWCRpBjxh811xJjFoPI0A94ThDOTIEcqMcOdiNqCGMnBBFV0OZPHrZdK8qBC/Qu6q5Vo1T6SAjtEJOkME XaEaukV11EAMafSMXtGb9+S9eO/ex7x1xctnjtAfeJ8/IHeRiA==</latexit><latexit sha1_base64="aXasnP6roM98eQz4+dI1KV33y1U=">AAAB9XicbVBNSw MxEM36WetX1aOXYBE8SNloQY8FLx4r2A/YriWbZtvQZLMks0op/Rke1Yt49dd48N+YtnvQ1gcDj/dmmJkXpVJY8P1vb2V1bX1js7BV3N7Z3dsvHRw2rc4M4w2mpTbtiFou RcIbIEDydmo4VZHkrWh4M/Vbj9xYoZN7GKU8VLSfiFgwCk4KSAeE4pb4D5fdUtmv+DPgZUJyUkY56t3SV6enWaZ4AkxSawPipxCOqQHBJJ8UO5nlKWVD2ueBowl1i8Lx7O QJPnVKD8fauEoAz9TfE2OqrB2p6DxSrllRGNhFeyr+5wUZxNfhWCRpBjxh811xJjFoPI0A94ThDOTIEcqMcOdiNqCGMnBBFV0OZPHrZdK8qBC/Qu6q5Vo1T6SAjtEJOkME XaEaukV11EAMafSMXtGb9+S9eO/ex7x1xctnjtAfeJ8/IHeRiA==</latexit><latexit sha1_base64="aXasnP6roM98eQz4+dI1KV33y1U=">AAAB9XicbVBNSw MxEM36WetX1aOXYBE8SNloQY8FLx4r2A/YriWbZtvQZLMks0op/Rke1Yt49dd48N+YtnvQ1gcDj/dmmJkXpVJY8P1vb2V1bX1js7BV3N7Z3dsvHRw2rc4M4w2mpTbtiFou RcIbIEDydmo4VZHkrWh4M/Vbj9xYoZN7GKU8VLSfiFgwCk4KSAeE4pb4D5fdUtmv+DPgZUJyUkY56t3SV6enWaZ4AkxSawPipxCOqQHBJJ8UO5nlKWVD2ueBowl1i8Lx7O QJPnVKD8fauEoAz9TfE2OqrB2p6DxSrllRGNhFeyr+5wUZxNfhWCRpBjxh811xJjFoPI0A94ThDOTIEcqMcOdiNqCGMnBBFV0OZPHrZdK8qBC/Qu6q5Vo1T6SAjtEJOkME XaEaukV11EAMafSMXtGb9+S9eO/ex7x1xctnjtAfeJ8/IHeRiA==</latexit><latexit sha1_base64="aXasnP6roM98eQz4+dI1KV33y1U=">AAAB9XicbVBNSw MxEM36WetX1aOXYBE8SNloQY8FLx4r2A/YriWbZtvQZLMks0op/Rke1Yt49dd48N+YtnvQ1gcDj/dmmJkXpVJY8P1vb2V1bX1js7BV3N7Z3dsvHRw2rc4M4w2mpTbtiFou RcIbIEDydmo4VZHkrWh4M/Vbj9xYoZN7GKU8VLSfiFgwCk4KSAeE4pb4D5fdUtmv+DPgZUJyUkY56t3SV6enWaZ4AkxSawPipxCOqQHBJJ8UO5nlKWVD2ueBowl1i8Lx7O QJPnVKD8fauEoAz9TfE2OqrB2p6DxSrllRGNhFeyr+5wUZxNfhWCRpBjxh811xJjFoPI0A94ThDOTIEcqMcOdiNqCGMnBBFV0OZPHrZdK8qBC/Qu6q5Vo1T6SAjtEJOkME XaEaukV11EAMafSMXtGb9+S9eO/ex7x1xctnjtAfeJ8/IHeRiA==</latexit>
3⇥ 103
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Figure 2. Benchmarking unitary circuits. We show the
process reconstruction for unitary quantum circuits contain-
ing single-qubit and two-qubit quantum gates. (a) Recon-
struction fidelity during the LPDO training for a circuits with
N = 4 qubits containing a single layer of Hadamard gates.
Different curves corresponds to an increasing size M of the
data set. (b) Scaling of the minimum number of samples
M∗ as a function of N to reach a reconstruction infidelity
of ε = 0.025 (i.e. the sample complexity) for a circuit with
Hadamard gates (red) and a circuit with random single-qubit
rotations R(ϕj) (blue). (c) Reconstruction fidelity for a cir-
cuit with N = 4 qubits containing 4 layers of controlled-not
(CX) gates, for various data set sizes M . (d) Sample com-
plexity for quantum circuits with different depths D contain-
ing layers of CX gates. For the sample complexity plots, the
value M∗ is obtained by sequentially increasing M until the
threshold in accuracy is met. Error bars are given by the
step-size in M , and dashed lines are linear fits.
is shown in Fig. 2d for different depths D. As expected,
the threshold M∗ increases with the depth of the circuit.
We now move to a more challenging case, and recon-
struct a 10-qubit random quantum circuit with depth D
for both one- and two-dimensional qubit arrays. Each
layer in the circuit consists of N random single-qubit ro-
tations followed by a layer of CX gates. For the one-
dimensional circuit, the CX gates alternates between
even and odd layers (Fig. 3a). For the two-dimensional
circuit, the CX gates are applied in a sequence according
to the colors shows in Fig. 3b. In the plots of Fig. 3c-d we
show the process infidelity during the training for depth-
4 circuits and different values of the data set size M . We
observe that, with enough number of single-shot samples
M , the reconstructions surpass a fidelity of F = 0.99.
We evaluate the optimal LPDO parameters using
cross-validation on the held-out data, a metric that does
not rely on any prior information about the process and
available in an experimental setting. We show in Fig. 3e-f
the corresponding lowest infidelities obtained during the
training as a function of M . As in the previous case, the
number of samples to reach a given accuracy increases
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<latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit>
D = 4
<latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP0 9kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+Jbiv lmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP0 9kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+Jbiv lmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP0 9kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+Jbiv lmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP0 9kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+Jbiv lmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit>
D = 5
<latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc =">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquu nuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWy d9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdT fEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7u K6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit>
D = 1
<latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6 eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxX y7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6 eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxX y7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6 eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxX y7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM =">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbr q7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFs nPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6 eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxX y7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit>
a
d
CX
<latexit sha1_ba se64="xA+l+hD7UQGtEqpf29mFoaaI QgE=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgQcKuBPQYyMVjRPOAZAmzk9 lkyDyWmVkhLPkEj+pFvPpFHvwbJ8ke NLGgoajqprsrSjgz1ve/vcLG5tb2Tn G3tLd/cHhUPj5pG5VqQltEcaW7ETaU M0lblllOu4mmWEScdqJJY+53nqg2TM lHO01oKPBIspgRbJ300Bh0B+WKX/UXQ OskyEkFcjQH5a/+UJFUUGkJx8b0Aj+ xYYa1ZYTTWamfGppgMsEj2nNUYkFNm C1OnaELpwxRrLQradFC/T2RYWHMVER XkXDNAtuxWbXn4n9eL7XxbZgxmaSWS rLcFaccWYXmr6Mh05RYPnUEE83cuYi MscbEuoBKLodg9et10r6uBn41uK9V6 rU8kSKcwTlcQgA3UIc7aEILCIzgGV7 hzVPei/fufSxbC14+cwp/4H3+ANkYjp E=</latexit><latexit sha1_ba se64="xA+l+hD7UQGtEqpf29mFoaaI QgE=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgQcKuBPQYyMVjRPOAZAmzk9 lkyDyWmVkhLPkEj+pFvPpFHvwbJ8ke NLGgoajqprsrSjgz1ve/vcLG5tb2Tn G3tLd/cHhUPj5pG5VqQltEcaW7ETaU M0lblllOu4mmWEScdqJJY+53nqg2TM lHO01oKPBIspgRbJ300Bh0B+WKX/UXQ OskyEkFcjQH5a/+UJFUUGkJx8b0Aj+ xYYa1ZYTTWamfGppgMsEj2nNUYkFNm C1OnaELpwxRrLQradFC/T2RYWHMVER XkXDNAtuxWbXn4n9eL7XxbZgxmaSWS rLcFaccWYXmr6Mh05RYPnUEE83cuYi MscbEuoBKLodg9et10r6uBn41uK9V6 rU8kSKcwTlcQgA3UIc7aEILCIzgGV7 hzVPei/fufSxbC14+cwp/4H3+ANkYjp E=</latexit><latexit sha1_ba se64="xA+l+hD7UQGtEqpf29mFoaaI QgE=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgQcKuBPQYyMVjRPOAZAmzk9 lkyDyWmVkhLPkEj+pFvPpFHvwbJ8ke NLGgoajqprsrSjgz1ve/vcLG5tb2Tn G3tLd/cHhUPj5pG5VqQltEcaW7ETaU M0lblllOu4mmWEScdqJJY+53nqg2TM lHO01oKPBIspgRbJ300Bh0B+WKX/UXQ OskyEkFcjQH5a/+UJFUUGkJx8b0Aj+ xYYa1ZYTTWamfGppgMsEj2nNUYkFNm C1OnaELpwxRrLQradFC/T2RYWHMVER XkXDNAtuxWbXn4n9eL7XxbZgxmaSWS rLcFaccWYXmr6Mh05RYPnUEE83cuYi MscbEuoBKLodg9et10r6uBn41uK9V6 rU8kSKcwTlcQgA3UIc7aEILCIzgGV7 hzVPei/fufSxbC14+cwp/4H3+ANkYjp E=</latexit><latexit sha1_ba se64="xA+l+hD7UQGtEqpf29mFoaaI QgE=">AAAB7XicbVDLSgNBEOyNrxhf UY9eBoPgQcKuBPQYyMVjRPOAZAmzk9 lkyDyWmVkhLPkEj+pFvPpFHvwbJ8ke NLGgoajqprsrSjgz1ve/vcLG5tb2Tn G3tLd/cHhUPj5pG5VqQltEcaW7ETaU M0lblllOu4mmWEScdqJJY+53nqg2TM lHO01oKPBIspgRbJ300Bh0B+WKX/UXQ OskyEkFcjQH5a/+UJFUUGkJx8b0Aj+ xYYa1ZYTTWamfGppgMsEj2nNUYkFNm C1OnaELpwxRrLQradFC/T2RYWHMVER XkXDNAtuxWbXn4n9eL7XxbZgxmaSWS rLcFaccWYXmr6Mh05RYPnUEE83cuYi MscbEuoBKLodg9et10r6uBn41uK9V6 rU8kSKcwTlcQgA3UIc7aEILCIzgGV7 hzVPei/fufSxbC14+cwp/4H3+ANkYjp E=</latexit>
R( )
<latexit sha1_base64="InaAxVvgx LlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKei x4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQ zbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSx CTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLl pAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un 6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyK Uo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyR IpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==< /latexit><latexit sha1_base64="InaAxVvgx LlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKei x4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQ zbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSx CTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLl pAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un 6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyK Uo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyR IpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==< /latexit><latexit sha1_base64="InaAxVvgx LlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKei x4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQ zbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSx CTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLl pAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un 6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyK Uo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyR IpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==< /latexit><latexit sha1_base64="InaAxVvgx LlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKei x4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQ zbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSx CTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLl pAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un 6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyK Uo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyR IpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==< /latexit>
b
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1  F(⇤#,⇤E)
<latexit sha1_base64="2Jm Tzuplki6PvcTsBrtDI51EBoE=">AAACM3icbVBNS8NAEJ3Ur 1q/ql4EL8EiVNCSeNFjQfw4eFCwttCUMtlu7dLdJOxuhBrykz z6S8SDqBfx6n9w0ypo64OFt2/mMTPPjzhT2nGerdzU9MzsXH 6+sLC4tLxSXF27VmEsCa2RkIey4aOinAW0ppnmtBFJisLntO 73j7J6/ZZKxcLgSg8i2hJ4E7AuI6iN1C6eunueQN0jyJOTtOz 5IvHOjb2DaTsZ/m5R6h7VmKa7Y9Uf33Ga7rSLJafiDGFPEve blKobd69gcNEuPnmdkMSCBppwVKrpOpFuJWYYI5ymBS9WNELS xxvaNDRAQVUrGR6c2ttG6djdUJoXaHuo/nYkKJQaCH/XF6Y5 21ONlzPxv1oz1t3DVsKCKNY0IKNZ3ZjbOrSzAO0Ok5RoPjAE iWRmXZv0UCLRJuaCycEdv3qSXO9XXKfiXppADmGEPGzCFpTBh QOowhlcQA0I3MMjvMKb9WC9WO/Wx6g1Z3171uEPrM8vOxCt7 A==</latexit><latexit sha1_base64="6gx LNq0s2Q9mYhSJSuN7IrigWwg=">AAACM3icbVDLSsNAFJ34b Our6kZwExRBQUviRpei+Fi4qGBVaEK4mUzs4EwSZiZCDQF/yI 3gl4gLsW7Erf/gJFXQ6oWBM+fcw733+AmjUlnWszE0PDI6Nl 6p1iYmp6Zn6rNzZzJOBSYtHLNYXPggCaMRaSmqGLlIBAHuM3 LuX+0V+vk1EZLG0anqJsTlcBnRkGJQmvLqh/aGw0F1MLDsIF9 1fJ45x9oeQO5l5e8ahOoQBXm+PqB++/bzfM2rL1sNqyzzL7C /wPLOwk2venu/2/TqT04Q45STSGEGUrZtK1FupodRzEhec1JJ EsBXcEnaGkbAiXSz8uDcXNFMYIax0C9SZsn+dGTApexyf93n urnYUw7KBfmf1k5VuO1mNEpSRSLcnxWmzFSxWQRoBlQQrFhX A8CC6nVN3AEBWOmYazoHe/Dqv+Bss2FbDftEB7KN+lVBi2gJr SIbbaEddISaqIUwukOPqIdejQfjxXgz3vutQ8aXZx79KuPjE zzzr2k=</latexit><latexit sha1_base64="6gx LNq0s2Q9mYhSJSuN7IrigWwg=">AAACM3icbVDLSsNAFJ34b Our6kZwExRBQUviRpei+Fi4qGBVaEK4mUzs4EwSZiZCDQF/yI 3gl4gLsW7Erf/gJFXQ6oWBM+fcw733+AmjUlnWszE0PDI6Nl 6p1iYmp6Zn6rNzZzJOBSYtHLNYXPggCaMRaSmqGLlIBAHuM3 LuX+0V+vk1EZLG0anqJsTlcBnRkGJQmvLqh/aGw0F1MLDsIF9 1fJ45x9oeQO5l5e8ahOoQBXm+PqB++/bzfM2rL1sNqyzzL7C /wPLOwk2venu/2/TqT04Q45STSGEGUrZtK1FupodRzEhec1JJ EsBXcEnaGkbAiXSz8uDcXNFMYIax0C9SZsn+dGTApexyf93n urnYUw7KBfmf1k5VuO1mNEpSRSLcnxWmzFSxWQRoBlQQrFhX A8CC6nVN3AEBWOmYazoHe/Dqv+Bss2FbDftEB7KN+lVBi2gJr SIbbaEddISaqIUwukOPqIdejQfjxXgz3vutQ8aXZx79KuPjE zzzr2k=</latexit><latexit sha1_base64="SRx Kl0trIfCWICINaV235nrR69I=">AAACM3icbVDLSsNAFJ34r PVVdekmWIQKtSRu7LIgPhYuKtgHNKHcTKft0JkkzEwKJeSTXP ol4kLUjbj1H5ymEbT1wsCZc+7h3nu8kFGpLOvFWFpeWV1bz2 3kN7e2d3YLe/tNGUQCkwYOWCDaHkjCqE8aiipG2qEgwD1GWt 7oYqq3xkRIGvj3ahISl8PAp32KQWmqW7i2Tx0OaoiBxVdJyfF 47Nxqew+Sbpz+xiDUkChIkvKc+uO7TJKTbqFoVay0zEVgZ6C Isqp3C89OL8ARJ77CDKTs2Fao3FgPo5iRJO9EkoSARzAgHQ19 4ES6cXpwYh5rpmf2A6Gfr8yU/e2IgUs54V7Z47p5uqecl6fk f1onUv2qG1M/jBTx8WxWP2KmCsxpgGaPCoIVm2gAWFC9romH IAArHXNe52DPX70ImmcV26rYd1axVs0SyaFDdIRKyEbnqIZuU B01EEYP6Am9oXfj0Xg1PozPWeuSkXkO0J8yvr4B8PGsPg==< /latexit>
1  F(⇤#,⇤E)
<latexit sha1_base64="2JmTzuplki6PvcTsBrtDI51EBoE =">AAACM3icbVBNS8NAEJ3Ur1q/ql4EL8EiVNCSeNFjQfw4eFCwttCUMtlu7dLdJOxuhBrykzz6S8SDqBfx6n9w0ypo64OFt2 /mMTPPjzhT2nGerdzU9MzsXH6+sLC4tLxSXF27VmEsCa2RkIey4aOinAW0ppnmtBFJisLntO73j7J6/ZZKxcLgSg8i2hJ4E7A uI6iN1C6eunueQN0jyJOTtOz5IvHOjb2DaTsZ/m5R6h7VmKa7Y9Uf33Ga7rSLJafiDGFPEveblKobd69gcNEuPnmdkMSCBpp wVKrpOpFuJWYYI5ymBS9WNELSxxvaNDRAQVUrGR6c2ttG6djdUJoXaHuo/nYkKJQaCH/XF6Y521ONlzPxv1oz1t3DVsKCKNY0 IKNZ3ZjbOrSzAO0Ok5RoPjAEiWRmXZv0UCLRJuaCycEdv3qSXO9XXKfiXppADmGEPGzCFpTBhQOowhlcQA0I3MMjvMKb9WC9W O/Wx6g1Z3171uEPrM8vOxCt7A==</latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg =">AAACM3icbVDLSsNAFJ34bOur6kZwExRBQUviRpei+Fi4qGBVaEK4mUzs4EwSZiZCDQF/yI3gl4gLsW7Erf/gJFXQ6oWBM+ fcw733+AmjUlnWszE0PDI6Nl6p1iYmp6Zn6rNzZzJOBSYtHLNYXPggCaMRaSmqGLlIBAHuM3LuX+0V+vk1EZLG0anqJsTlcBn RkGJQmvLqh/aGw0F1MLDsIF91fJ45x9oeQO5l5e8ahOoQBXm+PqB++/bzfM2rL1sNqyzzL7C/wPLOwk2venu/2/TqT04Q45S TSGEGUrZtK1FupodRzEhec1JJEsBXcEnaGkbAiXSz8uDcXNFMYIax0C9SZsn+dGTApexyf93nurnYUw7KBfmf1k5VuO1mNEpS RSLcnxWmzFSxWQRoBlQQrFhXA8CC6nVN3AEBWOmYazoHe/Dqv+Bss2FbDftEB7KN+lVBi2gJrSIbbaEddISaqIUwukOPqIdej QfjxXgz3vutQ8aXZx79KuPjEzzzr2k=</latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg =">AAACM3icbVDLSsNAFJ34bOur6kZwExRBQUviRpei+Fi4qGBVaEK4mUzs4EwSZiZCDQF/yI3gl4gLsW7Erf/gJFXQ6oWBM+ fcw733+AmjUlnWszE0PDI6Nl6p1iYmp6Zn6rNzZzJOBSYtHLNYXPggCaMRaSmqGLlIBAHuM3LuX+0V+vk1EZLG0anqJsTlcBn RkGJQmvLqh/aGw0F1MLDsIF91fJ45x9oeQO5l5e8ahOoQBXm+PqB++/bzfM2rL1sNqyzzL7C/wPLOwk2venu/2/TqT04Q45S TSGEGUrZtK1FupodRzEhec1JJEsBXcEnaGkbAiXSz8uDcXNFMYIax0C9SZsn+dGTApexyf93nurnYUw7KBfmf1k5VuO1mNEpS RSLcnxWmzFSxWQRoBlQQrFhXA8CC6nVN3AEBWOmYazoHe/Dqv+Bss2FbDftEB7KN+lVBi2gJrSIbbaEddISaqIUwukOPqIdej QfjxXgz3vutQ8aXZx79KuPjEzzzr2k=</latexit><latexit sha1_base64="SRxKl0trIfCWICINaV235nrR69I =">AAACM3icbVDLSsNAFJ34rPVVdekmWIQKtSRu7LIgPhYuKtgHNKHcTKft0JkkzEwKJeSTXPol4kLUjbj1H5ymEbT1wsCZc+ 7h3nu8kFGpLOvFWFpeWV1bz23kN7e2d3YLe/tNGUQCkwYOWCDaHkjCqE8aiipG2qEgwD1GWt7oYqq3xkRIGvj3ahISl8PAp32 KQWmqW7i2Tx0OaoiBxVdJyfF47Nxqew+Sbpz+xiDUkChIkvKc+uO7TJKTbqFoVay0zEVgZ6CIsqp3C89OL8ARJ77CDKTs2Fa o3FgPo5iRJO9EkoSARzAgHQ194ES6cXpwYh5rpmf2A6Gfr8yU/e2IgUs54V7Z47p5uqecl6fkf1onUv2qG1M/jBTx8WxWP2Km CsxpgGaPCoIVm2gAWFC9romHIAArHXNe52DPX70ImmcV26rYd1axVs0SyaFDdIRKyEbnqIZuUB01EEYP6Am9oXfj0Xg1PozPW euSkXkO0J8yvr4B8PGsPg==</latexit>
4⇥ 104
<latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA =">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nM M5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pS AtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o +BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7Lu Wb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA =">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nM M5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pS AtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o +BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7Lu Wb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA =">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nM M5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pS AtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o +BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7Lu Wb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA =">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nM M5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pS AtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o +BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7Lu Wb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit>
8⇥ 104
<latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo =">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3 Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWy dFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo 9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVV CRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo =">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3 Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWy dFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo 9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVV CRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo =">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3 Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWy dFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo 9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVV CRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo =">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3 Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWy dFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo 9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVV CRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit>
1.2⇥ 105
<latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE =">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nM M5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISP YWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYY ojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9X oV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE =">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nM M5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISP YWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYY ojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9X oV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE =">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nM M5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISP YWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYY ojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9X oV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE =">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nM M5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISP YWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYY ojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9X oV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit>
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Figure 3. Random quantum circuits. (a) One-dimensional quantum circuit with N = 10 qubits and D = 4 layers, each
one consisting of random single-qubit rotations and CX gates, the latter applied in a staggered pattern between even and odd
layers. (b) Two-dimensional random quantum circuit, where each layer applies random single-qubit rotations and CX gates
according to the colored sequence shown at the bottom of the image. In the subplots (c) and (d) we show the reconstruction
infidelity at each epoch respectively for a one- and two-dimensional quantum circuit with depth D = 4, for various data set
sizes M . Subplots (e) and (f) show the lowest infidelities, obtained via cross-validation on held-out data, as a function of the
data set size M for different depths.
with the depth of the circuit. For the one-dimensional
circuit, the fidelity reach F > 0.99 with 4 × 104 mea-
surements up to D = 4, and converges to F ≈ 0.999
and F ≈ 0.998 for D = 2 and D = 4 respectively.
For the two-dimensional circuit, the fidelity converges to
F > 0.99 up to D = 4 at M = 2 × 105, while F ≈ 0.93
for D = 5. In this case, the bond dimension of the target
circuit is χµ = 32, a four-fold increase from χµ = 8 of
the D = 4 circuit. We emphasize that the data set size
M used is a very small fraction of the total number of
input states and measurement settings. For a 10-qubit
circuit, using the overcomplete set of preparation states,
the total number of settings is 6N3N ∼ 1012.
Finally, we turn to the case of a quantum circuit un-
dergoing a noise channel. As a test case, we study a
single X-stabilizer measurement of the surface code, a
paradigmatic model of topological quantum computa-
tion [56, 57]. The circuit contains a total of N = 5 qubits,
where a single measurement qubit is used to stabilize
the X parity-check between four data qubits. The quan-
tum circuit for the stabilizer measurement consists of a
Hadamard gate on the measurement qubit, four CX gates
between the measurement qubit and each data qubit, fol-
lowed by an additional Hadamard gate on the measure-
ment qubit. We apply a single-qubit amplitude damp-
ing channel to all gates with a fixed decay probability
γ ∈ [0, . . . , 0.05].
We perform the reconstruction by varying both the
bond dimension and the Kraus dimension, until conver-
gence is found, and we show the results for χµ = χν = 6.
During the training, we measure the reconstruction fi-
delity, as well as the purity TrΛ2ϑ of the LPDO. For all
values of the decay probability γ, we observe that the pu-
rity converges to the correct value (solid lines) computed
from the exact Choi matrix (Fig. 4b), suggesting that the
Kraus dimension of the LPDOs is sufficient to capture the
target noisy channel. We also show the process infidelity
curves obtained using a total of M = 5 × 105 measure-
ment samples, for different values of γ (Fig. 4c). While
for the noiseless channel the fidelity reaches F > 0.999,
the learning appears to become increasingly harder for
larger values of γ. The lowest fidelity F ≈ 0.985 is
found at γ = 0.05, which is a fairly large decay probabil-
ity for current experiments. The reconstruction reaches
F > 0.99 for the lower levels of noise.
Conclusions. We introduced a procedure for quan-
tum process tomography that integrates a tensor network
representation of the Choi matrix in terms of a locally-
purified matrix product operator [48], and an optimiza-
tion strategy motivated by machine learning algorithms
for generative modeling of high-dimensional probability
distributions [38]. We demonstrated the power and scal-
ability of the technique using simulated data for unitary
random quantum circuits, reaching system sizes of up to
10 qubits and depth 5, and a stabilizer measurement of
the surface code undergoing amplitude damping noise.
In both cases, the resulting process fidelities reach values
close to F = 0.99, using single-shot samples correspond-
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<latexit sha1_bas e64="BCNnzgh30LvGiOX8k9OwtDC1uys= ">AAACHXicbVA9SwNBEJ3z2/gVtdTiUA QLDXdptBAM2FiIKBgVcjHs7U3M4u7dsTs nhuN+g6Wlv8RSbcROxH/jJrHw68HC2/dm ZndemEphyPM+nKHhkdGx8YnJ0tT0zOxc eX7h1CSZ5ljniUz0ecgMShFjnQRJPE81M hVKPAuv9nr+2TVqI5L4hLopNhW7jEVbcE ZWapX96CLfrB4WAeEN5Se6CDaCUOXBgR 0RsaKV92/XTFMHiRXFRbVVXvUqXh/uX+J /kdXa8u5tDQCOWuW3IEp4pjAmLpkxDd9L qZnbkYJLLEpBZjBl/IpdYsPSmCk0zby/W uGuWSVy24m2Jya3r37vyJkypqvCjVDZY sWoY37bPfE/r5FRe7uZizjNCGM+eKudSZ cStxeVGwmNnGTXEsa1sN91eYdpxskGWrI 5+L+3/ktOqxXfq/jHNpAdGGAClmAF1sG HLajBPhxBHTjcwQM8wbNz7zw6L87roHTI +epZhB9w3j8BvBukVQ==</latexit><latexit sha1_bas e64="tts6DRqzsAuGw4iJAN/KqQHk4A8= ">AAACHXicbVDLSgMxFM34tr6qLnUxWA QXtcx0o4hgwYUuRBRaLXTaksnc2mAyMyR 3xDLMN7h06Ze4VDfiTsS/MX0sfB0InJxz 703u8WPBNTrOpzU2PjE5NT0zm5ubX1hc yi+vXOgoUQxqLBKRqvtUg+Ah1JCjgHqsg EpfwKV/fdj3L29AaR6FVezF0JT0KuQdzi gaqZ13g1a6XT7NPIRbTKsq84qeL1PvxI wIaNZOB7cbqrALSLOsVW7nC07JGcD+S9w RKVTWD+6OnMreWTv/7gURSySEyATVuuE6 MTZTM5IzAVnOSzTElF3TK2gYGlIJupkOV svsTaMEdidS5oRoD9TvHSmVWvekX/SlK ZYUu/q33Rf/8xoJdnabKQ/jBCFkw7c6ib AxsvtR2QFXwFD0DKFMcfNdm3WpogxNoDm Tg/t767/kolxynZJ7bgLZJ0PMkDWyQba IS3ZIhRyTM1IjjNyTR/JMXqwH68l6td6G pWPWqGeV/ID18QWqt6UG</latexit><latexit sha1_bas e64="tts6DRqzsAuGw4iJAN/KqQHk4A8= ">AAACHXicbVDLSgMxFM34tr6qLnUxWA QXtcx0o4hgwYUuRBRaLXTaksnc2mAyMyR 3xDLMN7h06Ze4VDfiTsS/MX0sfB0InJxz 703u8WPBNTrOpzU2PjE5NT0zm5ubX1hc yi+vXOgoUQxqLBKRqvtUg+Ah1JCjgHqsg EpfwKV/fdj3L29AaR6FVezF0JT0KuQdzi gaqZ13g1a6XT7NPIRbTKsq84qeL1PvxI wIaNZOB7cbqrALSLOsVW7nC07JGcD+S9w RKVTWD+6OnMreWTv/7gURSySEyATVuuE6 MTZTM5IzAVnOSzTElF3TK2gYGlIJupkOV svsTaMEdidS5oRoD9TvHSmVWvekX/SlK ZYUu/q33Rf/8xoJdnabKQ/jBCFkw7c6ib AxsvtR2QFXwFD0DKFMcfNdm3WpogxNoDm Tg/t767/kolxynZJ7bgLZJ0PMkDWyQba IS3ZIhRyTM1IjjNyTR/JMXqwH68l6td6G pWPWqGeV/ID18QWqt6UG</latexit><latexit sha1_bas e64="fDka+PTzKZftVg2K88fTH/B9eQQ= ">AAACHXicbVC7TsMwFHV4lvIqMLJEVE gMUCVdYGCoxMKAUJH6kpq2cpxbamEnkX1 TUUX5Dka+hBFYEBtC/A3uYwDKkSwdn3Pv te/xY8E1Os6XtbC4tLyymlvLr29sbm0X dnYbOkoUgzqLRKRaPtUgeAh15CigFSug0 hfQ9O8uxn5zCErzKKzhKIaOpLch73NG0U i9ght005PydeYh3GNaU5l37Pky9a7MiI BmvXRyG1KFA0CaZd1yr1B0Ss4E9jxxZ6R IZqj2Ch9eELFEQohMUK3brhNjJzUjOROQ 5b1EQ0zZHb2FtqEhlaA76WS1zD40SmD3I 2VOiPZE/dmRUqn1SPrHvjTFkuJA/7XH4 n9eO8H+WSflYZwghGz6Vj8RNkb2OCo74A oYipEhlCluvmuzAVWUoQk0b3Jw/249Txr lkuuU3BunWDmfJZIj++SAHBGXnJIKuSR VUieMPJAn8kJerUfr2Xqz3qelC9asZ4/8 gvX5Dc7uous=</latexit>
Epochs
<latexit sha1_bas e64="tm0pxHiCFezXBqRk0RoDO5yQs/s= ">AAAB93icbVA9SwNBEJ2LXzF+RQUbm8 UgWEi4s9HCIiCCZQTzAckR9zZ7yZK9vXN 3Tg1Hfoel2oitP8bCf+MmsdDEBwOP92aY mRckUhh03S8nt7C4tLySXy2srW9sbhW3 d+omTjXjNRbLWDcDargUitdQoOTNRHMaB ZI3gsHF2G/cc21ErG5wmHA/oj0lQsEoWs lvI3/E7DKJWd+MOsWSW3YnIPPE+yGlyl 794RYAqp3iZ7sbszTiCpmkxrQ8N0E/oxo Fk3xUaKeGJ5QNaI+3LFU04sbPJkePyKFV uiSMtS2FZKL+nshoZMwwCo6DyDZHFPtm1 h6L/3mtFMMzPxMqSZErNt0VppJgTMYhk K7QnKEcWkKZFvZcwvpUU4Y2qoLNwZv9ep 7UT8qeW/aubSDnMEUe9uEAjsCDU6jAFVS hBgzu4Ale4NUZOs/Om/M+bc05PzO78Af Oxzdb7pT9</latexit><latexit sha1_bas e64="z6bbbu1c/5B9gFhxfAId2q+0n0g= ">AAAB93icbVDLSgNBEJyNrxhfUcGLl8 EgeJCw60UPHgIieIxgHpAsYXYymwyZ3Rl netVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBU ddPdFSjBDbjul5NbWl5ZXcuvFzY2t7Z3 irt7dSMTTVmNSiF1MyCGCR6zGnAQrKk0I 1EgWCMYXI39xgPThsv4DlLF/Ij0Yh5ySs BKfhvYE2TXStK+GXaKJbfsToAXiTcjpc pB/VGl36Nqp/jZ7kqaRCwGKogxLc9V4Gd EA6eCDQvtxDBF6ID0WMvSmETM+Nnk6CE+ tkoXh1LbigFP1N8TGYmMSaPgNIhsc0Sgb +btsfif10ogvPAzHqsEWEynu8JEYJB4H ALucs0oiNQSQjW352LaJ5pQsFEVbA7e/N eLpH5W9tyyd2sDuURT5NEhOkInyEPnqIJ uUBXVEEX36Bm9oFcndUbOm/M+bc05s5l 99AfOxw8fmpcK</latexit><latexit sha1_bas e64="z6bbbu1c/5B9gFhxfAId2q+0n0g= ">AAAB93icbVDLSgNBEJyNrxhfUcGLl8 EgeJCw60UPHgIieIxgHpAsYXYymwyZ3Rl netVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBU ddPdFSjBDbjul5NbWl5ZXcuvFzY2t7Z3 irt7dSMTTVmNSiF1MyCGCR6zGnAQrKk0I 1EgWCMYXI39xgPThsv4DlLF/Ij0Yh5ySs BKfhvYE2TXStK+GXaKJbfsToAXiTcjpc pB/VGl36Nqp/jZ7kqaRCwGKogxLc9V4Gd EA6eCDQvtxDBF6ID0WMvSmETM+Nnk6CE+ tkoXh1LbigFP1N8TGYmMSaPgNIhsc0Sgb +btsfif10ogvPAzHqsEWEynu8JEYJB4H ALucs0oiNQSQjW352LaJ5pQsFEVbA7e/N eLpH5W9tyyd2sDuURT5NEhOkInyEPnqIJ uUBXVEEX36Bm9oFcndUbOm/M+bc05s5l 99AfOxw8fmpcK</latexit><latexit sha1_bas e64="PWjrPZeuyae12fw7epc6SQwbQ3Q= ">AAAB93icbVDLSgNBEJyNrxhfUY9eBo PgQcKuFz14CIjgMYJ5QLKE2clsMmQe60y vGJZ8h0f1Il79GA/+jZNkD5pY0FBUddPd FSWCW/D9b6+wsrq2vlHcLG1t7+zulfcP mlanhrIG1UKbdkQsE1yxBnAQrJ0YRmQkW CsaXU/91iMzlmt1D+OEhZIMFI85JeCksA vsCbKbRNOhnfTKFb/qz4CXSZCTCspR75 W/un1NU8kUUEGs7QR+AmFGDHAq2KTUTS1 LCB2RAes4qohkNsxmR0/wiVP6ONbGlQI8 U39PZERaO5bRWSRdsyQwtIv2VPzP66QQX 4YZV0kKTNH5rjgVGDSehoD73DAKYuwIo Ya7czEdEkMouKhKLodg8etl0jyvBn41uP Mrtas8kSI6QsfoFAXoAtXQLaqjBqLoAT2 jV/Tmjb0X7937mLcWvHzmEP2B9/kDTNq Teg==</latexit>
Epochs
<latexit sha1_base64="tm0pxHiCFez XBqRk0RoDO5yQs/s=">AAAB93icbVA9SwNBEJ2LXzF+RQUbm8UgWEi4s9HCIiCCZQT zAckR9zZ7yZK9vXN3Tg1Hfoel2oitP8bCf+MmsdDEBwOP92aYmRckUhh03S8nt7C4 tLySXy2srW9sbhW3d+omTjXjNRbLWDcDargUitdQoOTNRHMaBZI3gsHF2G/cc21Er G5wmHA/oj0lQsEoWslvI3/E7DKJWd+MOsWSW3YnIPPE+yGlyl794RYAqp3iZ7sbszT iCpmkxrQ8N0E/oxoFk3xUaKeGJ5QNaI+3LFU04sbPJkePyKFVuiSMtS2FZKL+nsho ZMwwCo6DyDZHFPtm1h6L/3mtFMMzPxMqSZErNt0VppJgTMYhkK7QnKEcWkKZFvZcwv pUU4Y2qoLNwZv9ep7UT8qeW/aubSDnMEUe9uEAjsCDU6jAFVShBgzu4Ale4NUZOs/ Om/M+bc05PzO78AfOxzdb7pT9</latexit><latexit sha1_base64="z6bbbu1c/5B 9gFhxfAId2q+0n0g=">AAAB93icbVDLSgNBEJyNrxhfUcGLl8EgeJCw60UPHgIieIx gHpAsYXYymwyZ3RlnetVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBUddPdFSjBDbjul5Nb Wl5ZXcuvFzY2t7Z3irt7dSMTTVmNSiF1MyCGCR6zGnAQrKk0I1EgWCMYXI39xgPTh sv4DlLF/Ij0Yh5ySsBKfhvYE2TXStK+GXaKJbfsToAXiTcjpcpB/VGl36Nqp/jZ7kq aRCwGKogxLc9V4GdEA6eCDQvtxDBF6ID0WMvSmETM+Nnk6CE+tkoXh1LbigFP1N8T GYmMSaPgNIhsc0Sgb+btsfif10ogvPAzHqsEWEynu8JEYJB4HALucs0oiNQSQjW352 LaJ5pQsFEVbA7e/NeLpH5W9tyyd2sDuURT5NEhOkInyEPnqIJuUBXVEEX36Bm9oFc ndUbOm/M+bc05s5l99AfOxw8fmpcK</latexit><latexit sha1_base64="z6bbbu1c/5B 9gFhxfAId2q+0n0g=">AAAB93icbVDLSgNBEJyNrxhfUcGLl8EgeJCw60UPHgIieIx gHpAsYXYymwyZ3RlnetVlyXd4jF7Eqx/jwQ/wP5w8DppY0FBUddPdFSjBDbjul5Nb Wl5ZXcuvFzY2t7Z3irt7dSMTTVmNSiF1MyCGCR6zGnAQrKk0I1EgWCMYXI39xgPTh sv4DlLF/Ij0Yh5ySsBKfhvYE2TXStK+GXaKJbfsToAXiTcjpcpB/VGl36Nqp/jZ7kq aRCwGKogxLc9V4GdEA6eCDQvtxDBF6ID0WMvSmETM+Nnk6CE+tkoXh1LbigFP1N8T GYmMSaPgNIhsc0Sgb+btsfif10ogvPAzHqsEWEynu8JEYJB4HALucs0oiNQSQjW352 LaJ5pQsFEVbA7e/NeLpH5W9tyyd2sDuURT5NEhOkInyEPnqIJuUBXVEEX36Bm9oFc ndUbOm/M+bc05s5l99AfOxw8fmpcK</latexit><latexit sha1_base64="PWjrPZeuyae 12fw7epc6SQwbQ3Q=">AAAB93icbVDLSgNBEJyNrxhfUY9eBoPgQcKuFz14CIjgMYJ 5QLKE2clsMmQe60yvGJZ8h0f1Il79GA/+jZNkD5pY0FBUddPdFSWCW/D9b6+wsrq2 vlHcLG1t7+zulfcPmlanhrIG1UKbdkQsE1yxBnAQrJ0YRmQkWCsaXU/91iMzlmt1D +OEhZIMFI85JeCksAvsCbKbRNOhnfTKFb/qz4CXSZCTCspR75W/un1NU8kUUEGs7QR +AmFGDHAq2KTUTS1LCB2RAes4qohkNsxmR0/wiVP6ONbGlQI8U39PZERaO5bRWSRd syQwtIv2VPzP66QQX4YZV0kKTNH5rjgVGDSehoD73DAKYuwIoYa7czEdEkMouKhKLo dg8etl0jyvBn41uPMrtas8kSI6QsfoFAXoAtXQLaqjBqLoAT2jV/Tmjb0X7937mLc WvHzmEP2B9/kDTNqTeg==</latexit>
Measurement qubit
<latexit sha1_base64="eBRNC4ihkUV SVHnrbo90JOYxsqU=">AAACBHicbVA9SwNBEJ3zM8aoURvB5jAIFhLu0mgZsLEREjA fkISwt5kkS/Y+3J0TwxFLf4ml2ohg5b+wsPOnuPkoNPHBwuO9mdmZ50VSaHKcL2tp eWV1bT21kd7MbG3vZHf3qjqMFccKD2Wo6h7TKEWAFRIksR4pZL4nseYNLsZ+7RaVF mFwTcMIWz7rBaIrOCMjtbMHTcI7Sq6Q6VihjwHZN7EnaNTO5py8M4G9SNwZyRUz7+V vACi1s5/NTsjj8QgumdYN14molTBFgkscpZuxxojxAethw9CA+ahbyeSCkX1slI7d DZV5ZoWJ+rsjYb7WQ9879XxT7DPq63l7LP7nNWLqnrcSEUQxYcCnf3VjaVNojxOxO0 IhJzk0hHElzLo27zPFOJnc0iYHd/7qRVIt5F0n75ZNIAWYIgWHcAQn4MIZFOESSlA BDvfwCM/wYj1YT9ar9TYtXbJmPfvwB9bHD2mXmq0=</latexit><latexit sha1_base64="LwRC5K/Pa13 YGcaSmx+z6X237u8=">AAACBHicbVDLSgNBEJyNrxijRr0IgiwGwYOE3Vz0GPDiRUj APCBZwuykNxky+3CmVwxLvOmXeFQvIuTkX3jwG/wJJ4+DJhYMFFXdPd3lRoIrtKwv I7W0vLK6ll7PbGQ3t7ZzO7s1FcaSQZWFIpQNlyoQPIAqchTQiCRQ3xVQd/sXY79+C 1LxMLjGQQSOT7sB9zijqKV2br+FcIfJFVAVS/AhQPMmdjkO27m8VbAmMBeJPSP5UnZ U+X44HJXbuc9WJ2TxeAQTVKmmbUXoJFQiZwKGmVasIKKsT7vQ1DSgPignmVwwNI+1 0jG9UOqnV5iovzsS6is18N1T19fFPsWemrfH4n9eM0bv3El4EMUIAZv+5cXCxNAcJ2 J2uASGYqAJZZLrdU3Wo5Iy1LlldA72/NWLpFYs2FbBruhAimSKNDkgR+SE2OSMlMg lKZMqYeSePJEX8mo8Gs/Gm/E+LU0Zs5498gfGxw9MDpwT</latexit><latexit sha1_base64="LwRC5K/Pa13 YGcaSmx+z6X237u8=">AAACBHicbVDLSgNBEJyNrxijRr0IgiwGwYOE3Vz0GPDiRUj APCBZwuykNxky+3CmVwxLvOmXeFQvIuTkX3jwG/wJJ4+DJhYMFFXdPd3lRoIrtKwv I7W0vLK6ll7PbGQ3t7ZzO7s1FcaSQZWFIpQNlyoQPIAqchTQiCRQ3xVQd/sXY79+C 1LxMLjGQQSOT7sB9zijqKV2br+FcIfJFVAVS/AhQPMmdjkO27m8VbAmMBeJPSP5UnZ U+X44HJXbuc9WJ2TxeAQTVKmmbUXoJFQiZwKGmVasIKKsT7vQ1DSgPignmVwwNI+1 0jG9UOqnV5iovzsS6is18N1T19fFPsWemrfH4n9eM0bv3El4EMUIAZv+5cXCxNAcJ2 J2uASGYqAJZZLrdU3Wo5Iy1LlldA72/NWLpFYs2FbBruhAimSKNDkgR+SE2OSMlMg lKZMqYeSePJEX8mo8Gs/Gm/E+LU0Zs5498gfGxw9MDpwT</latexit><latexit sha1_base64="tdlKYoOxYtK Ab35f9Cd0dK6FzHs=">AAACBHicbVC7SgNBFJ31GeNr1UawGQyChYTdNFoGbGyECOY BSQizk7vJkNmHM3fFsMTSL7FUG7H1Lyz8G2eTLTTxwMDhnHvv3Hu8WAqNjvNtLS2v rK6tFzaKm1vbO7v23n5DR4niUOeRjFTLYxqkCKGOAiW0YgUs8CQ0vdFl5jfvQWkRh bc4jqEbsEEofMEZGqlnH3YQHjC9BqYTBQGESO8ST+CkZ5ecsjMFXSRuTkokR61nf3X 6EU+yEVwyrduuE2M3ZQoFlzApdhINMeMjNoC2oSELQHfT6QUTemKUPvUjZZ5ZYar+ 7khZoPU48M68wBQHDId63s7E/7x2gv5FNxVhnCCEfPaXn0iKEc0SoX2hgKMcG8K4Em ZdyodMMY4mt6LJwZ2/epE0KmXXKbs3TqlayRMpkCNyTE6JS85JlVyRGqkTTh7JM3k lb9aT9WK9Wx+z0iUr7zkgf2B9/gBorph4</latexit>
Data qubit
<latexit sha1_base64="EiVyBrD83Nh ZnduZeYqrtC6G5I4=">AAAB/XicbVA9SwNBEJ3zM8aoFy1tFoNgIeEujZYBLSwTMB+ QhLC32UuW7H24O6eGI/hLLNVGbPWPWNj5U9x8FJr4YODx3gwz87xYCo2O82WtrK6t b2xmtrLbuZ3dPTu/X9dRohivsUhGqulRzaUIeQ0FSt6MFaeBJ3nDG15M/MYtV1pE4 TWOYt4JaD8UvmAUjdS1823k95heUqTkJvEEjrt2wSk6U5Bl4s5JoZz7qH4DQKVrf7Z 7EUsCHiKTVOuW68TYSalCwSQfZ9uJ5jFlQ9rnLUNDGnDdSaenj8mxUXrEj5SpEMlU /T2R0kDrUeCdeoFpDigO9KI9Ef/zWgn6551UhHGCPGSzXX4iCUZkEgXpCcUZypEhlC lhziVsQBVlaALLmhzcxa+XSb1UdJ2iWzWBlGCGDBzCEZyAC2dQhiuoQA0Y3MEjPMO L9WA9Wa/W26x1xZrPHMAfWO8/gliXWw==</latexit><latexit sha1_base64="ao79Rnj0V0q CxQB8JBneFKzO6nU=">AAAB/XicbVDLSgNBEJyNrxijbvQoyGAQPEjYzUWPAT14TMA 8IFnC7GSSDJnZXWd61bAET36GR/UiXs2PePAb/Aknj4MmFjQUVd10d/mR4Boc58tK rayurW+kNzNb2e2dXTu3V9NhrCir0lCEquETzQQPWBU4CNaIFCPSF6zuDy4mfv2WK c3D4BqGEfMk6QW8yykBI7XtXAvYPSSXBAi+iX0Oo7addwrOFHiZuHOSL2XHle/Hw3G 5bX+2OiGNJQuACqJ103Ui8BKigFPBRplWrFlE6ID0WNPQgEimvWR6+ggfG6WDu6Ey FQCeqr8nEiK1Hkr/1JemWRLo60V7Iv7nNWPonnsJD6IYWEBnu7qxwBDiSRS4wxWjII aGEKq4ORfTPlGEggksY3JwF79eJrViwXUKbsUEUkQzpNEBOkInyEVnqISuUBlVEUV 36Am9oFfrwXq23qz3WWvKms/soz+wPn4AZM+YwQ==</latexit><latexit sha1_base64="ao79Rnj0V0q CxQB8JBneFKzO6nU=">AAAB/XicbVDLSgNBEJyNrxijbvQoyGAQPEjYzUWPAT14TMA 8IFnC7GSSDJnZXWd61bAET36GR/UiXs2PePAb/Aknj4MmFjQUVd10d/mR4Boc58tK rayurW+kNzNb2e2dXTu3V9NhrCir0lCEquETzQQPWBU4CNaIFCPSF6zuDy4mfv2WK c3D4BqGEfMk6QW8yykBI7XtXAvYPSSXBAi+iX0Oo7addwrOFHiZuHOSL2XHle/Hw3G 5bX+2OiGNJQuACqJ103Ui8BKigFPBRplWrFlE6ID0WNPQgEimvWR6+ggfG6WDu6Ey FQCeqr8nEiK1Hkr/1JemWRLo60V7Iv7nNWPonnsJD6IYWEBnu7qxwBDiSRS4wxWjII aGEKq4ORfTPlGEggksY3JwF79eJrViwXUKbsUEUkQzpNEBOkInyEVnqISuUBlVEUV 36Am9oFfrwXq23qz3WWvKms/soz+wPn4AZM+YwQ==</latexit><latexit sha1_base64="6EYltT8w5cN JnWL+cOMuKYN7AzE=">AAAB/XicbVA9SwNBEN3zM8avi5Y2i0GwkHCXRsuAFpYRzAc kR9jb7CVLdvfO3Tk1HMFfYqk2YusvsfDfuEmu0MQHA4/3ZpiZFyaCG/C8b2dldW19 Y7OwVdze2d3bd0sHTROnmrIGjUWs2yExTHDFGsBBsHaiGZGhYK1wdDn1W/dMGx6rW xgnLJBkoHjEKQEr9dxSF9gjZFcECL5LQw6Tnlv2Kt4MeJn4OSmjHPWe+9XtxzSVTAE VxJiO7yUQZEQDp4JNit3UsITQERmwjqWKSGaCbHb6BJ9YpY+jWNtSgGfq74mMSGPG MjwLpW2WBIZm0Z6K/3mdFKKLIOMqSYEpOt8VpQJDjKdR4D7XjIIYW0Ko5vZcTIdEEw o2sKLNwV/8epk0qxXfq/g3XrlWzRMpoCN0jE6Rj85RDV2jOmogih7QM3pFb86T8+K 8Ox/z1hUnnzlEf+B8/gCBb5Um</latexit>
a
b c
FIGURE 4
LPDO
<latexit sha1_base64="IphnKgKJX66 EyuvnO8YD4btw0p4=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmVgh4LevAgWMF +wHYp2TTbhmaTJZlVy9Kf4VG9iFd/jQf/jWm7B219MPB4b4aZeWEiuAHX/XaWlldW 19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh5cTv/XAtOFK3 sMoYUFM+pJHnBKwkt8B9gTZTf3qdtwtld2KOwVeJF5OyihHvVv66vQUTWMmgQpijO+ 5CQQZ0cCpYONiJzUsIXRI+sy3VJKYmSCbnjzGx1bp4UhpWxLwVP09kZHYmFEcnoax bY4JDMy8PRH/8/wUoosg4zJJgUk62xWlAoPCkwhwj2tGQYwsIVRzey6mA6IJBRtU0e bgzX+9SJpnFc+teHfVcq2aJ1JAh+gInSAPnaMaukZ11EAUKfSMXtGb8+i8OO/Ox6x 1yclnDtAfOJ8/IoCSLw==</latexit><latexit sha1_base64="IphnKgKJX66 EyuvnO8YD4btw0p4=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmVgh4LevAgWMF +wHYp2TTbhmaTJZlVy9Kf4VG9iFd/jQf/jWm7B219MPB4b4aZeWEiuAHX/XaWlldW 19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh5cTv/XAtOFK3 sMoYUFM+pJHnBKwkt8B9gTZTf3qdtwtld2KOwVeJF5OyihHvVv66vQUTWMmgQpijO+ 5CQQZ0cCpYONiJzUsIXRI+sy3VJKYmSCbnjzGx1bp4UhpWxLwVP09kZHYmFEcnoax bY4JDMy8PRH/8/wUoosg4zJJgUk62xWlAoPCkwhwj2tGQYwsIVRzey6mA6IJBRtU0e bgzX+9SJpnFc+teHfVcq2aJ1JAh+gInSAPnaMaukZ11EAUKfSMXtGb8+i8OO/Ox6x 1yclnDtAfOJ8/IoCSLw==</latexit><latexit sha1_base64="IphnKgKJX66 EyuvnO8YD4btw0p4=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmVgh4LevAgWMF +wHYp2TTbhmaTJZlVy9Kf4VG9iFd/jQf/jWm7B219MPB4b4aZeWEiuAHX/XaWlldW 19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh5cTv/XAtOFK3 sMoYUFM+pJHnBKwkt8B9gTZTf3qdtwtld2KOwVeJF5OyihHvVv66vQUTWMmgQpijO+ 5CQQZ0cCpYONiJzUsIXRI+sy3VJKYmSCbnjzGx1bp4UhpWxLwVP09kZHYmFEcnoax bY4JDMy8PRH/8/wUoosg4zJJgUk62xWlAoPCkwhwj2tGQYwsIVRzey6mA6IJBRtU0e bgzX+9SJpnFc+teHfVcq2aJ1JAh+gInSAPnaMaukZ11EAUKfSMXtGb8+i8OO/Ox6x 1yclnDtAfOJ8/IoCSLw==</latexit><latexit sha1_base64="IphnKgKJX66 EyuvnO8YD4btw0p4=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8SNmVgh4LevAgWMF +wHYp2TTbhmaTJZlVy9Kf4VG9iFd/jQf/jWm7B219MPB4b4aZeWEiuAHX/XaWlldW 19YLG8XNre2d3dLeftOoVFPWoEoo3Q6JYYJL1gAOgrUTzUgcCtYKh5cTv/XAtOFK3 sMoYUFM+pJHnBKwkt8B9gTZTf3qdtwtld2KOwVeJF5OyihHvVv66vQUTWMmgQpijO+ 5CQQZ0cCpYONiJzUsIXRI+sy3VJKYmSCbnjzGx1bp4UhpWxLwVP09kZHYmFEcnoax bY4JDMy8PRH/8/wUoosg4zJJgUk62xWlAoPCkwhwj2tGQYwsIVRzey6mA6IJBRtU0e bgzX+9SJpnFc+teHfVcq2aJ1JAh+gInSAPnaMaukZ11EAUKfSMXtGb8+i8OO/Ox6x 1yclnDtAfOJ8/IoCSLw==</latexit>
Exact
<latexit sha1_base64="gj4UYincqdq YDchZkGgx1L90o2M=">AAAB9nicbVBNS8NAEN3Ur1q/qh69BIvgQUoiBT0WRPBYwdZ CE8pmO22X7m7C7kRaQv+GR/UiXv0zHvw3btsctPXBwOO9GWbmRYngBj3v2ymsrW9s bhW3Szu7e/sH5cOjlolTzaDJYhHrdkQNCK6giRwFtBMNVEYCHqPRzcx/fAJteKwec JJAKOlA8T5nFK0UBAhjzG7HlOG0W654VW8Od5X4OamQHI1u+SvoxSyVoJAJakzH9xI MM6qRMwHTUpAaSCgb0QF0LFVUggmz+c1T98wqPbcfa1sK3bn6eyKj0piJjC4iaZsl xaFZtmfif14nxf51mHGVpAiKLXb1U+Fi7M4ycHtcA0MxsYQyze25LhtSbUOwSZVsDv 7y16ukdVn1vap/X6vUa3kiRXJCTsk58ckVqZM70iBNwkhCnskreXPGzovz7nwsWgt OPnNM/sD5/AF7L5L/</latexit><latexit sha1_base64="gj4UYincqdq YDchZkGgx1L90o2M=">AAAB9nicbVBNS8NAEN3Ur1q/qh69BIvgQUoiBT0WRPBYwdZ CE8pmO22X7m7C7kRaQv+GR/UiXv0zHvw3btsctPXBwOO9GWbmRYngBj3v2ymsrW9s bhW3Szu7e/sH5cOjlolTzaDJYhHrdkQNCK6giRwFtBMNVEYCHqPRzcx/fAJteKwec JJAKOlA8T5nFK0UBAhjzG7HlOG0W654VW8Od5X4OamQHI1u+SvoxSyVoJAJakzH9xI MM6qRMwHTUpAaSCgb0QF0LFVUggmz+c1T98wqPbcfa1sK3bn6eyKj0piJjC4iaZsl xaFZtmfif14nxf51mHGVpAiKLXb1U+Fi7M4ycHtcA0MxsYQyze25LhtSbUOwSZVsDv 7y16ukdVn1vap/X6vUa3kiRXJCTsk58ckVqZM70iBNwkhCnskreXPGzovz7nwsWgt OPnNM/sD5/AF7L5L/</latexit><latexit sha1_base64="gj4UYincqdq YDchZkGgx1L90o2M=">AAAB9nicbVBNS8NAEN3Ur1q/qh69BIvgQUoiBT0WRPBYwdZ CE8pmO22X7m7C7kRaQv+GR/UiXv0zHvw3btsctPXBwOO9GWbmRYngBj3v2ymsrW9s bhW3Szu7e/sH5cOjlolTzaDJYhHrdkQNCK6giRwFtBMNVEYCHqPRzcx/fAJteKwec JJAKOlA8T5nFK0UBAhjzG7HlOG0W654VW8Od5X4OamQHI1u+SvoxSyVoJAJakzH9xI MM6qRMwHTUpAaSCgb0QF0LFVUggmz+c1T98wqPbcfa1sK3bn6eyKj0piJjC4iaZsl xaFZtmfif14nxf51mHGVpAiKLXb1U+Fi7M4ycHtcA0MxsYQyze25LhtSbUOwSZVsDv 7y16ukdVn1vap/X6vUa3kiRXJCTsk58ckVqZM70iBNwkhCnskreXPGzovz7nwsWgt OPnNM/sD5/AF7L5L/</latexit><latexit sha1_base64="gj4UYincqdq YDchZkGgx1L90o2M=">AAAB9nicbVBNS8NAEN3Ur1q/qh69BIvgQUoiBT0WRPBYwdZ CE8pmO22X7m7C7kRaQv+GR/UiXv0zHvw3btsctPXBwOO9GWbmRYngBj3v2ymsrW9s bhW3Szu7e/sH5cOjlolTzaDJYhHrdkQNCK6giRwFtBMNVEYCHqPRzcx/fAJteKwec JJAKOlA8T5nFK0UBAhjzG7HlOG0W654VW8Od5X4OamQHI1u+SvoxSyVoJAJakzH9xI MM6qRMwHTUpAaSCgb0QF0LFVUggmz+c1T98wqPbcfa1sK3bn6eyKj0piJjC4iaZsl xaFZtmfif14nxf51mHGVpAiKLXb1U+Fi7M4ycHtcA0MxsYQyze25LhtSbUOwSZVsDv 7y16ukdVn1vap/X6vUa3kiRXJCTsk58ckVqZM70iBNwkhCnskreXPGzovz7nwsWgt OPnNM/sD5/AF7L5L/</latexit>
  = 0.0
<latexit sha1_base64="m1JHWcrjKPg LQYhYp0ZoghvnDwA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16WSyCBym7UtCLUPDisYK txXYps2m2DU2yS5ItlKX/wqN6Ea/+Gw/+G9N2D9r6YIbHezNk8sKEM20879sprK1v bG4Vt0s7u3v7B+XDo5aOU0Vok8Q8Vu0QNeVM0qZhhtN2oiiKkNPHcHQ78x/HVGkWy wczSWggcCBZxAgaKz11BygE3nhVr1eu2D6Hu0r8nFQgR6NX/ur2Y5IKKg3hqHXH9xI TZKgMI5xOS91U0wTJCAe0Y6lEQXWQzS+eumdW6btRrGxJ487V3xsZCq0nIrwIhR0W aIZ62Z6J/3md1ETXQcZkkhoqyeKtKOWuid1ZAm6fKUoMn1iCRDF7rkuGqJAYm1PJ5u Av/3qVtC6rvlf172uVei1PpAgncArn4MMV1OEOGtAEAhKe4RXenLHz4rw7H4vRgpP vHMMfOJ8/QviRBw==</latexit><latexit sha1_base64="m1JHWcrjKPg LQYhYp0ZoghvnDwA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16WSyCBym7UtCLUPDisYK txXYps2m2DU2yS5ItlKX/wqN6Ea/+Gw/+G9N2D9r6YIbHezNk8sKEM20879sprK1v bG4Vt0s7u3v7B+XDo5aOU0Vok8Q8Vu0QNeVM0qZhhtN2oiiKkNPHcHQ78x/HVGkWy wczSWggcCBZxAgaKz11BygE3nhVr1eu2D6Hu0r8nFQgR6NX/ur2Y5IKKg3hqHXH9xI TZKgMI5xOS91U0wTJCAe0Y6lEQXWQzS+eumdW6btRrGxJ487V3xsZCq0nIrwIhR0W aIZ62Z6J/3md1ETXQcZkkhoqyeKtKOWuid1ZAm6fKUoMn1iCRDF7rkuGqJAYm1PJ5u Av/3qVtC6rvlf172uVei1PpAgncArn4MMV1OEOGtAEAhKe4RXenLHz4rw7H4vRgpP vHMMfOJ8/QviRBw==</latexit><latexit sha1_base64="m1JHWcrjKPg LQYhYp0ZoghvnDwA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16WSyCBym7UtCLUPDisYK txXYps2m2DU2yS5ItlKX/wqN6Ea/+Gw/+G9N2D9r6YIbHezNk8sKEM20879sprK1v bG4Vt0s7u3v7B+XDo5aOU0Vok8Q8Vu0QNeVM0qZhhtN2oiiKkNPHcHQ78x/HVGkWy wczSWggcCBZxAgaKz11BygE3nhVr1eu2D6Hu0r8nFQgR6NX/ur2Y5IKKg3hqHXH9xI TZKgMI5xOS91U0wTJCAe0Y6lEQXWQzS+eumdW6btRrGxJ487V3xsZCq0nIrwIhR0W aIZ62Z6J/3md1ETXQcZkkhoqyeKtKOWuid1ZAm6fKUoMn1iCRDF7rkuGqJAYm1PJ5u Av/3qVtC6rvlf172uVei1PpAgncArn4MMV1OEOGtAEAhKe4RXenLHz4rw7H4vRgpP vHMMfOJ8/QviRBw==</latexit><latexit sha1_base64="m1JHWcrjKPg LQYhYp0ZoghvnDwA=">AAAB9HicbVBNSwMxEJ2tX7V+VT16WSyCBym7UtCLUPDisYK txXYps2m2DU2yS5ItlKX/wqN6Ea/+Gw/+G9N2D9r6YIbHezNk8sKEM20879sprK1v bG4Vt0s7u3v7B+XDo5aOU0Vok8Q8Vu0QNeVM0qZhhtN2oiiKkNPHcHQ78x/HVGkWy wczSWggcCBZxAgaKz11BygE3nhVr1eu2D6Hu0r8nFQgR6NX/ur2Y5IKKg3hqHXH9xI TZKgMI5xOS91U0wTJCAe0Y6lEQXWQzS+eumdW6btRrGxJ487V3xsZCq0nIrwIhR0W aIZ62Z6J/3md1ETXQcZkkhoqyeKtKOWuid1ZAm6fKUoMn1iCRDF7rkuGqJAYm1PJ5u Av/3qVtC6rvlf172uVei1PpAgncArn4MMV1OEOGtAEAhKe4RXenLHz4rw7H4vRgpP vHMMfOJ8/QviRBw==</latexit>
  = 0.001
<latexit sha1_base64="yFT1Ikepdou XotM8Z/pIemwYelY=">AAAB9nicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHQjFNy4rGA f0BlKJs20oUlmSDJiGfobLtWNuPVnXPg3ZtpZaOuByz2ccy+5OWHCmTau++2U1tY3 NrfK25Wd3b39g+rhUUfHqSK0TWIeq16INeVM0rZhhtNeoigWIafdcHKb+91HqjSL5 YOZJjQQeCRZxAg2VvL9ERYC37h11/UG1Vrec6BV4hWkBgVag+qXP4xJKqg0hGOt+56 bmCDDyjDC6azip5ommEzwiPYtlVhQHWTzm2fozCpDFMXKljRorv7eyLDQeirCi1DY YYHNWC/bufif109NdB1kTCapoZIs3opSjkyM8gzQkClKDJ9agoli9lxExlhhYmxSFZ uDt/zrVdK5rHtu3btv1JqNIpEynMApnIMHV9CEO2hBGwgk8Ayv8OY8OS/Ou/OxGC0 5xc4x/IHz+QMnppF8</latexit><latexit sha1_base64="yFT1Ikepdou XotM8Z/pIemwYelY=">AAAB9nicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHQjFNy4rGA f0BlKJs20oUlmSDJiGfobLtWNuPVnXPg3ZtpZaOuByz2ccy+5OWHCmTau++2U1tY3 NrfK25Wd3b39g+rhUUfHqSK0TWIeq16INeVM0rZhhtNeoigWIafdcHKb+91HqjSL5 YOZJjQQeCRZxAg2VvL9ERYC37h11/UG1Vrec6BV4hWkBgVag+qXP4xJKqg0hGOt+56 bmCDDyjDC6azip5ommEzwiPYtlVhQHWTzm2fozCpDFMXKljRorv7eyLDQeirCi1DY YYHNWC/bufif109NdB1kTCapoZIs3opSjkyM8gzQkClKDJ9agoli9lxExlhhYmxSFZ uDt/zrVdK5rHtu3btv1JqNIpEynMApnIMHV9CEO2hBGwgk8Ayv8OY8OS/Ou/OxGC0 5xc4x/IHz+QMnppF8</latexit><latexit sha1_base64="yFT1Ikepdou XotM8Z/pIemwYelY=">AAAB9nicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHQjFNy4rGA f0BlKJs20oUlmSDJiGfobLtWNuPVnXPg3ZtpZaOuByz2ccy+5OWHCmTau++2U1tY3 NrfK25Wd3b39g+rhUUfHqSK0TWIeq16INeVM0rZhhtNeoigWIafdcHKb+91HqjSL5 YOZJjQQeCRZxAg2VvL9ERYC37h11/UG1Vrec6BV4hWkBgVag+qXP4xJKqg0hGOt+56 bmCDDyjDC6azip5ommEzwiPYtlVhQHWTzm2fozCpDFMXKljRorv7eyLDQeirCi1DY YYHNWC/bufif109NdB1kTCapoZIs3opSjkyM8gzQkClKDJ9agoli9lxExlhhYmxSFZ uDt/zrVdK5rHtu3btv1JqNIpEynMApnIMHV9CEO2hBGwgk8Ayv8OY8OS/Ou/OxGC0 5xc4x/IHz+QMnppF8</latexit><latexit sha1_base64="yFT1Ikepdou XotM8Z/pIemwYelY=">AAAB9nicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHQjFNy4rGA f0BlKJs20oUlmSDJiGfobLtWNuPVnXPg3ZtpZaOuByz2ccy+5OWHCmTau++2U1tY3 NrfK25Wd3b39g+rhUUfHqSK0TWIeq16INeVM0rZhhtNeoigWIafdcHKb+91HqjSL5 YOZJjQQeCRZxAg2VvL9ERYC37h11/UG1Vrec6BV4hWkBgVag+qXP4xJKqg0hGOt+56 bmCDDyjDC6azip5ommEzwiPYtlVhQHWTzm2fozCpDFMXKljRorv7eyLDQeirCi1DY YYHNWC/bufif109NdB1kTCapoZIs3opSjkyM8gzQkClKDJ9agoli9lxExlhhYmxSFZ uDt/zrVdK5rHtu3btv1JqNIpEynMApnIMHV9CEO2hBGwgk8Ayv8OY8OS/Ou/OxGC0 5xc4x/IHz+QMnppF8</latexit>
  = 0.005
<latexit sha1_base64="orAgTFIidWQ hC0by6MlgXr0WIn8=">AAAB9nicbVDLSgMxFM34rPVVdekmWAQXUmakohuh4MZlBfu AzlDupJk2NMkMSUYsQ3/DpboRt/6MC//GTDsLbT1wuYdz7iU3J0w408Z1v52V1bX1 jc3SVnl7Z3dvv3Jw2NZxqghtkZjHqhuCppxJ2jLMcNpNFAURctoJx7e533mkSrNYP phJQgMBQ8kiRsBYyfeHIATcuDXXvexXqnnPgZeJV5AqKtDsV778QUxSQaUhHLTueW5 iggyUYYTTadlPNU2AjGFIe5ZKEFQH2ezmKT61ygBHsbIlDZ6pvzcyEFpPRHgeCjss wIz0op2L/3m91ETXQcZkkhoqyfytKOXYxDjPAA+YosTwiSVAFLPnYjICBcTYpMo2B2 /x18ukfVHz3Jp3X6826kUiJXSMTtAZ8tAVaqA71EQtRFCCntErenOenBfn3fmYj64 4xc4R+gPn8wctwpGA</latexit><latexit sha1_base64="orAgTFIidWQ hC0by6MlgXr0WIn8=">AAAB9nicbVDLSgMxFM34rPVVdekmWAQXUmakohuh4MZlBfu AzlDupJk2NMkMSUYsQ3/DpboRt/6MC//GTDsLbT1wuYdz7iU3J0w408Z1v52V1bX1 jc3SVnl7Z3dvv3Jw2NZxqghtkZjHqhuCppxJ2jLMcNpNFAURctoJx7e533mkSrNYP phJQgMBQ8kiRsBYyfeHIATcuDXXvexXqnnPgZeJV5AqKtDsV778QUxSQaUhHLTueW5 iggyUYYTTadlPNU2AjGFIe5ZKEFQH2ezmKT61ygBHsbIlDZ6pvzcyEFpPRHgeCjss wIz0op2L/3m91ETXQcZkkhoqyfytKOXYxDjPAA+YosTwiSVAFLPnYjICBcTYpMo2B2 /x18ukfVHz3Jp3X6826kUiJXSMTtAZ8tAVaqA71EQtRFCCntErenOenBfn3fmYj64 4xc4R+gPn8wctwpGA</latexit><latexit sha1_base64="orAgTFIidWQ hC0by6MlgXr0WIn8=">AAAB9nicbVDLSgMxFM34rPVVdekmWAQXUmakohuh4MZlBfu AzlDupJk2NMkMSUYsQ3/DpboRt/6MC//GTDsLbT1wuYdz7iU3J0w408Z1v52V1bX1 jc3SVnl7Z3dvv3Jw2NZxqghtkZjHqhuCppxJ2jLMcNpNFAURctoJx7e533mkSrNYP phJQgMBQ8kiRsBYyfeHIATcuDXXvexXqnnPgZeJV5AqKtDsV778QUxSQaUhHLTueW5 iggyUYYTTadlPNU2AjGFIe5ZKEFQH2ezmKT61ygBHsbIlDZ6pvzcyEFpPRHgeCjss wIz0op2L/3m91ETXQcZkkhoqyfytKOXYxDjPAA+YosTwiSVAFLPnYjICBcTYpMo2B2 /x18ukfVHz3Jp3X6826kUiJXSMTtAZ8tAVaqA71EQtRFCCntErenOenBfn3fmYj64 4xc4R+gPn8wctwpGA</latexit><latexit sha1_base64="orAgTFIidWQ hC0by6MlgXr0WIn8=">AAAB9nicbVDLSgMxFM34rPVVdekmWAQXUmakohuh4MZlBfu AzlDupJk2NMkMSUYsQ3/DpboRt/6MC//GTDsLbT1wuYdz7iU3J0w408Z1v52V1bX1 jc3SVnl7Z3dvv3Jw2NZxqghtkZjHqhuCppxJ2jLMcNpNFAURctoJx7e533mkSrNYP phJQgMBQ8kiRsBYyfeHIATcuDXXvexXqnnPgZeJV5AqKtDsV778QUxSQaUhHLTueW5 iggyUYYTTadlPNU2AjGFIe5ZKEFQH2ezmKT61ygBHsbIlDZ6pvzcyEFpPRHgeCjss wIz0op2L/3m91ETXQcZkkhoqyfytKOXYxDjPAA+YosTwiSVAFLPnYjICBcTYpMo2B2 /x18ukfVHz3Jp3X6826kUiJXSMTtAZ8tAVaqA71EQtRFCCntErenOenBfn3fmYj64 4xc4R+gPn8wctwpGA</latexit>
  = 0.01
<latexit sha1_base64="bd8tnJpobCQ 345ymK9z8Mi/dNws=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4kDIjBd0IBTcuK9g HtEO5k2ba0DyGJKOUoZ/hUt2IW7/GhX9j2s5CWw9c7uGce8nNiRLOjPX9b6+wtr6x uVXcLu3s7u0flA+PWkalmtAmUVzpTgSGciZp0zLLaSfRFETEaTsa38789iPVhin5Y CcJDQUMJYsZAeukbm8IQsCNX/WDfrni2hx4lQQ5qaAcjX75qzdQJBVUWsLBmG7gJzb MQFtGOJ2WeqmhCZAxDGnXUQmCmjCbnzzFZ04Z4FhpV9Liufp7IwNhzEREF5FwwwLs yCzbM/E/r5va+DrMmExSSyVZvBWnHFuFZxHgAdOUWD5xBIhm7lxMRqCBWBdUyeUQLP 96lbQuq4FfDe5rlXotT6SITtApOkcBukJ1dIcaqIkIUugZvaI378l78d69j8Vowct 3jtEfeJ8/tfKRQg==</latexit><latexit sha1_base64="bd8tnJpobCQ 345ymK9z8Mi/dNws=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4kDIjBd0IBTcuK9g HtEO5k2ba0DyGJKOUoZ/hUt2IW7/GhX9j2s5CWw9c7uGce8nNiRLOjPX9b6+wtr6x uVXcLu3s7u0flA+PWkalmtAmUVzpTgSGciZp0zLLaSfRFETEaTsa38789iPVhin5Y CcJDQUMJYsZAeukbm8IQsCNX/WDfrni2hx4lQQ5qaAcjX75qzdQJBVUWsLBmG7gJzb MQFtGOJ2WeqmhCZAxDGnXUQmCmjCbnzzFZ04Z4FhpV9Liufp7IwNhzEREF5FwwwLs yCzbM/E/r5va+DrMmExSSyVZvBWnHFuFZxHgAdOUWD5xBIhm7lxMRqCBWBdUyeUQLP 96lbQuq4FfDe5rlXotT6SITtApOkcBukJ1dIcaqIkIUugZvaI378l78d69j8Vowct 3jtEfeJ8/tfKRQg==</latexit><latexit sha1_base64="bd8tnJpobCQ 345ymK9z8Mi/dNws=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4kDIjBd0IBTcuK9g HtEO5k2ba0DyGJKOUoZ/hUt2IW7/GhX9j2s5CWw9c7uGce8nNiRLOjPX9b6+wtr6x uVXcLu3s7u0flA+PWkalmtAmUVzpTgSGciZp0zLLaSfRFETEaTsa38789iPVhin5Y CcJDQUMJYsZAeukbm8IQsCNX/WDfrni2hx4lQQ5qaAcjX75qzdQJBVUWsLBmG7gJzb MQFtGOJ2WeqmhCZAxDGnXUQmCmjCbnzzFZ04Z4FhpV9Liufp7IwNhzEREF5FwwwLs yCzbM/E/r5va+DrMmExSSyVZvBWnHFuFZxHgAdOUWD5xBIhm7lxMRqCBWBdUyeUQLP 96lbQuq4FfDe5rlXotT6SITtApOkcBukJ1dIcaqIkIUugZvaI378l78d69j8Vowct 3jtEfeJ8/tfKRQg==</latexit><latexit sha1_base64="bd8tnJpobCQ 345ymK9z8Mi/dNws=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4kDIjBd0IBTcuK9g HtEO5k2ba0DyGJKOUoZ/hUt2IW7/GhX9j2s5CWw9c7uGce8nNiRLOjPX9b6+wtr6x uVXcLu3s7u0flA+PWkalmtAmUVzpTgSGciZp0zLLaSfRFETEaTsa38789iPVhin5Y CcJDQUMJYsZAeukbm8IQsCNX/WDfrni2hx4lQQ5qaAcjX75qzdQJBVUWsLBmG7gJzb MQFtGOJ2WeqmhCZAxDGnXUQmCmjCbnzzFZ04Z4FhpV9Liufp7IwNhzEREF5FwwwLs yCzbM/E/r5va+DrMmExSSyVZvBWnHFuFZxHgAdOUWD5xBIhm7lxMRqCBWBdUyeUQLP 96lbQuq4FfDe5rlXotT6SITtApOkcBukJ1dIcaqIkIUugZvaI378l78d69j8Vowct 3jtEfeJ8/tfKRQg==</latexit>
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Figure 4. Noisy stabilizer in the surface code. (a) A
X-stabilizer plaquette embedded into the surface code (left)
and the quantum circuit performing the parity-check mea-
surement (right), containing Hadamard and CX gates. (b)
Purity of the LPDO Choi matrix during training (markers),
compared to the exact Choi matrix (solid lines). (c) Infidelity
measurement during training for a data set size ofM = 5×105
single-shot measurement outcomes.
ing to a small fraction of the total number of preparation
and measurements in the corresponding informationally-
complete set, amenable to current experiments.
Due to the entanglement structure induced by the
Choi matrix representation in terms of a tensor network
with small bond dimension, our technique lends itself ex-
tremely well to the characterization of quantum hardware
operating circuits of sufficiently low depth. The stringent
limitation of standard process tomography in the acces-
sible number of qubits are lifted, allowing the reconstruc-
tion of large quantum circuits for the case of one- (and
quasi-one-) dimensional geometries.
Our work demonstrates how infusing state-of-the-art
tensor network algorithms with machine learning ideas
has the potential to unlock progress in the validation and
characterization of currently available quantum devices,
and in the design of better error mitigation protocols.
This combination elevates quantum process tomography
to a scale relevant for the solution of several key obstacles
to realizing large-scale quantum computation such as the
need for quantum error correction and fault tolerance,
which naturally calls for the systematic benchmarking of
large quantum circuits such as the ones studied here.
We anticipate that our strategy will enable progress in
the ongoing push for the construction of quantum hard-
ware with lower gate error rates, which will decrease the
overhead cost of quantum error correction. This, in turn,
will facilitate the faithful execution of more sophisticated
quantum algorithms beyond the capabilities of modern
classical computers, and help materialize the scientific
and technological promises of the nascent second quan-
tum revolution.
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SUPPLEMENTARY MATERIAL
In this supplementary material, we provide basic no-
tions on quantum channels, a brief description of stan-
dard quantum process tomography, and details on the
generation of the synthetic measurement data sets, the
tensor-network representation of the Choi matrix and its
reconstruction using unsupervised learning.
I. QUANTUM CHANNELS
The general (noisy) evolution of a quantum state with
density operator ρ is described by a quantum channel,
a linear map E : ρ −→ E(ρ) that is completely-positive
(CP) and trace-preserving (TP). There are several equiv-
alent representations of a CPTP map (see Ref. [45] for
summary). One example is the Kraus representation,
where the channel is expressed as a set of Kraus opera-
tors {Ki}. The evolution of a density operator is given
by (Fig. 5a)
E(ρ) =
D∑
i=1
KiρK
†
i . (9)
9The CPTP property of the channel E constraints the
Kraus operators to satisfy the completeness relation∑
iK
†
iKi = 1.
Another representation, best suited for tomography
purposes, is the Choi matrix, which for a N -qubit quan-
tum channel is defined as the results of the application
of the channel to the tensor product of N unnormalized
Bell pairs
ΛE = (1⊗ E)
[ N⊗
j=1
|Φ+j 〉〈Φ+j |
]
, (10)
where each Bell pair |Φ+j 〉 =
∑
σj=τj
|σjτj〉 is made up
of an ancillary qubit |σj〉 (undergoing the channel) and
a physics qubit |τj〉. The channel is CP if and only
if the Choi matrix is positive semi-definite, ΛE ≥ 0.
From the CP condition, it follows that the Choi matrix
is isomorphic to a physical density operator over an ex-
tended Hilbert space of 2N qubits spanned by the ba-
sis {|σ, τ 〉}, with ancillary qubits |σ〉 = |σ1, . . . σN 〉 and
physical qubits |τ 〉 = |τ1, . . . τN 〉 (Fig. 5b). The normal-
ization of the Choi matrix is Trσ,τ ΛE = dN , where d is
the dimension of the local Hilbert space.
The TP condition of the channel E requires that
the partial trace of the Choi matrix over the physical
qubits should yield the identity over the ancillary qubits:
TrτΛE = 1σ. The evolution of a generic quantum state ρ
under the channel E is obtained through the Choi matrix
as [45] (Fig. 5c)
E(ρ) = Trσ
[
(ρT ⊗ 1τ )ΛE
]
. (11)
In this context, the ancillary and physical degrees of free-
dom can be interpreted respectively as input and output
qubits to the channel, and will be referred to as such in
the following. Finally, we note that, unlike the Kraus
representation, the Choi matrix is a unique representa-
tion of the channel E .
Tensor networks for Choi matrices
Due to the intrinsic exponential scaling of exact clas-
sical representations of quantum states and operators, a
direct estimation of the Choi matrix given the knowledge
of the channel is limited to a very small number of qubits.
One may wonder if, for a subset of quantum channels that
admit an efficient representation (e.g. low-depth quan-
tum circuits), the Choi matrix can be also computed effi-
ciently. To this end, we adopt a tensor network represen-
tation of the Choi matrix, which for a N -qubit quantum
channel is a rank-4N tensor, with 2N input indices and
2N output indices [45]. In its canonical form, the input
and output indices are placed on the upper and lower
half of the full tensor respectively (Fig. 5b).
We simplify the discussion and assume that the quan-
tum channel is noiseless, i.e. it implements a unitary
Figure 5. Representations of a quantum channel (with N = 3
qubits). (a) Evolution of a density operator ρ under a quan-
tum channel E in the Kraus representation, where the channel
has decomposition over D Kraus operators. (b) Represen-
tation of the channel with the Choi matrix ΛE , a rank-4N
tensor with the upper and lower 2N indices corresponding re-
spectively to the input {|σ〉} and output {|τ 〉} Hilbert spaces.
(c) Evolution of ρ using Choi matrix representation. The out-
put state of the channel E(ρ) is obtained by first contracting
the input space {|σ〉} with the transpose state ρT , followed
by a trace, resulting into E(ρ) over the output space {|τ 〉}.
evolution E : ρ −→ UρU †, where U corresponds to a
quantum circuits compiled into one- and two-qubit gates.
Depending on the type of gates, the geometry of the cir-
cuit and its depth, the unitary U may admit an efficient
representation as a matrix product operator (MPO)
Uσσ′ =
∑
{µ}
N∏
j=1
[Bj ]
σj ,σ
′
j
µj−1,µj , (12)
where Uσσ′ = 〈σ|U |σ′〉. Each Bj is a rank-4 tensor
with physical indices (σj , σ′j) and bond indices (µj−1, µj)
(Fig. 6a). The bond dimension of the MPO is de-
fined as the maximum dimension of any bond index
χU = maxj{χµj |χµj = dim[µj ]}, and it represents the
measure of complexity of the MPO representation of the
unitary U .
The straightforward way to obtain a tensor network
representation of the Choi matrix (for a unitary circuit)
is to simply apply the circuit MPO to the (unnormalized)
density operator Φ = |Φ+〉〈Φ+|⊗N for the N unnormal-
ized Bell pairs, each described by a matrix product state
(MPS) with bond dimension χΦ+ = 2 (Fig. 6b). In doing
so, there is freedom in how the contractions between the
circuit MPO and Bell state MPS is done, stemming from
different arrangements of the indices of Φ. If one were to
pursue the Choi matrix in its canonical form, the MPS
indices should to be properly swapped before the con-
traction with the MPO (Fig. 6c). This however results
in a very inefficient tensor network representation, as it
brings the tensor product of N Bell pairs into a 2N -qubit
maximally entangled state, which saturates the bond di-
mension of the MPS to χΦ = 2N .
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Figure 6. Tensor network construction of the Choi matrix. (a) A unitary quantum operation U (with N = 4 qubits), compiled
into a set of single- and two-qubit quantum gates. By contracting all gates together, the unitary is approximated as an MPO
with bond dimension χU . (b) The density operator Φ = |Φ+〉〈Φ+|⊗N for the tensor product of N unnormalized Bell pairs
|Φ+〉 = |00〉+ |11〉. Each Bell pairs is an MPS with bond dimension χΦ+ = 2, corresponding to the vectorization of the identity
matrix. (c) Canonical representation of the Choi matrix as a rank-4N tensor. Within a one-dimensional tensor network
representation, the canonical Choi matrix is obtained by first swapping the indices of the Bell pairs to bring all input (red)
and output (black) indices together, and then contracting the resulting network with the unitary MPO on both sides. The
dimension of the center bond after this operation is 2N . (d) Efficient construction of the Choi matrix. Each Bell pair MPS
is rearranged horizontally, corresponding to an identity matrix. The contraction with the unitary MPO is then trivial, and
by folding the inner (input) indices back into each single MPO tensor, the resulting Choi matrix writes as a rank-1 density
operator with physical dimension d2.
In practice, there is no particular reason to keep the
Choi matrix in its canonical form, and an efficient rep-
resentation is instead obtained as follows. First, we con-
tract the circuit MPO with the physical indices of each
Bell pair MPS (leaving out the ancilla qubits). Because
the Bell state is equivalent to the vectorization of the
identity matrix, the contraction between the circuit MPO
and the full MPS simply returns the MPO itself. The in-
ner (ancillary) indices can then be folded back into each
local MPO tensor (Fig. 6d). The result of this operation,
i.e. the Choi matrix, is a rank-1 density matrix written
in terms of an MPS with physical dimension d2 and bond
dimension χU . Thus, the Choi matrix can be obtained
efficiently as long as the MPO bond dimension is suffi-
ciently low. Note that this operation is also called un-
ravelling in the context of column-vectorization of dense
matrices [45]. In the case of a tensor product channel
E = E1⊗ · · ·⊗EN , the Choi matrix obtained in this form
is the tensor product of the individual sub-system Choi
matrices ΛE = ΛE1 ⊗ΛE2 ⊗· · ·⊗ΛEN . This would not be
the case if the one adopted the canonical ordering of the
indices (Fig. 5b), leading to ΛE = ΛE1⊗E2⊗···⊗EN .
II. QUANTUM PROCESS TOMOGRAPHY
Quantum process tomography (QPT) is a technique
for reconstructing an unknown quantum channel E from
measurement data [21]. Because of the one-to-one corre-
spondence between the channel and its Choi matrix, QPT
simply accounts of fitting the matrix elements of ΛE to
the data, which consists of a special set of prepared input
states to the channel and a set of measurement operators
on the output states of the channel. In particular, a set of
input states and measurements is called informationally-
complete (IC) if the inputs {ρα} and the measurement
operators {Mβ} span in full the input and the output
Hilbert spaces of the quantum channel respectively. In
this case, the probability distribution
PE(β |α) = Trτ
[
Mβ E(ρα)
]
= Trτ ,σ
[
(ρTα ⊗Mβ)ΛE
] (13)
that a measurement on the output state E(ρα) of the
channel applied to the input state ρα yields outcomeMβ
contains complete information on the channel. That is,
PE(β |α) uniquely characterizes the channel, and can be
used to reconstruct the corresponding (unknown) Choi
matrix ΛE .
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Figure 7. Generation of one training data sample. (a) First, we sample a random input POVM state α = (α1, α2, . . . , αN )
from a reference prior distribution Q(α). (b) The string α specifies an input product state ρα = t−1α Mα to the channel.
(c) The output state of the channel is obtained by contracting the input state with the circuit MPO U , resulting into a new
MPO E(ρα). (d) The measurement POVM Mβ. (e) The process probability distribution PE(β | α) = Trτ [Mβ E(ρα)]. (f)
Sampling scheme to obtain a single measurement outcome β from PE(β |α). By tracing the indices β2, . . . , βN (i.e. contracting
with a vector [1, . . . , 1]), the resulting tensor network with one open index is the probability PE(β1 |α), which can be sampled
to generate a measurement outcome β¯1. By sweeping left to right, this procedure is repeated for each qubits, generating an
outcome β¯ from the correct probability distribution PE(β |α). The final result of this procedure is one single training sample
(α,β). The data set are generated by repeating these steps consecutively.
The standard approach to perform QPT consists of
parametrizing the Choi matrix in full (i.e. using a 4N ×
4N dense matrix) and extracting its matrix elements by
solving the maximum likelihood estimation problem:
Minimize:
∑
{(α,β)}
wαβ
(
PE(β |α)− Pexp(β |α)
)2
(14)
Subject to: ΛE ≥ 0 (CP) (15)
Trτ ΛE = 1σ (TP). (16)
where Pexp(β |α) are the experimental estimates of
PE(β |α), and wαβ are optional weights. There are two
important limitations of this approach. First, it requires
the parametrization of the full Choi matrix, which scales
exponentially with the number of qubits. Second, in or-
der to achieve a high-fidelity fit, the full IC set of input
states and measurements is required, which also scales
exponentially with N . For these reasons, full QPT re-
mains restricted to very small system sizes.
Data sets generation
Before discussing our algorithm for QPT, we describe
how to generate the synthetic measurement data used
to train the LPDOs. In our numerical experiments, we
adopted, both for input states and measurement opera-
tors, the set of the rank-1 projector into the eigenstates
of the Pauli matrices:
M0 = pz|0〉〈0|, M1 = pz|1〉〈1|, (17)
M2 = px|+〉〈+|, M3 = px|−〉〈−|, (18)
M4 = py|+ i〉〈+i|, M5 = py| − i〉〈−i| (19)
In the following, we assume equal probabilities px = py =
pz = 1/3. The full set for the N -qubit system is obtained
from the tensor product of the operators single-qubit op-
erators
Mα = Mα1 ⊗Mα2 ⊗ · · · ⊗MαN , (20)
and it is specified by a string α = (α1, . . . , αN ), with
αj = 0, . . . , 5. The input states are simple prod-
uct states ρα = t−1α Mα with proper normalization
tα = TrMα =
∏
j TrMαj . The measurement operators
Mβ are defined analogously, and identified by a string
β = (β1, . . . , βN ).
We now provide the step-by-step procedure used to
generate the training data for the case of the unitary
quantum circuits. Even though the operators we imple-
ment are rank-1, we give a description for a more general
case of an IC positive operator valued measures (POVM)
M beyond the standard projective measurements. For
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a given circuit architecture, containing a set of single-
qubit and two-qubit gates, we first contract each gate
together to obtain the MPO corresponding to the full
circuit unitary U . After each application of a two-qubit
gate, we restore the tensor network into an MPO struc-
ture by means of singular value decomposition. During
this step, we only discard zero singular values, which im-
plies that there is no approximation in the unitary MPO,
and that the bond dimension χU generally grows expo-
nentially with the depth of the circuit.
Next, we fix a uniform prior distribution Q(α) = K−N
for the input states, whereK is the size of the single-qubit
POVM (e.g. K = 6 for the Pauli projectors). The POVM
string α is randomly sampled from Q(α) (Fig. 7a), which
defines a specific input state (Fig. 7b)
ρα =
Mα
tα
=
Mα1
tα1
⊗ Mα2
tα2
⊗ · · · ⊗ MαN
tαN
(21)
For the set of Pauli eigenstates projectors, this translates
into applying one layer of single-qubit gates, according
to the string α. The output state of the channel is then
estimated by contracting ρα with the circuit MPO U ,
E(ρα) = Uρα U † (Fig. 7c). The output state E(ρα) is
itself an MPO describing a properly normalized density
operator.
Given the output state and the measurement opera-
tor Mβ (Fig. 7d), the process probability PE(β | α) is
obtained by contracting (and tracing) these two objects
together (Fig. 7e). This probability can then be exactly
sampled using the chain rule of probabilities [36, 59]. The
measurement probability for qubit 1 is computed as
p(β1) =
∑
β2,β3,...,βN
p(β1, β2, β3, . . . , βN ) (22)
where we introduced the short-hand notation p(β) =
PE(β | α). The probability p(β1) is calculated by trac-
ing out each local POVM subspace via a contraction of
the tensor network for PE(β | α) with constant vectors
(11, 12, . . . , 1K) (blue triangles) at each site j = 2, . . . , N
(Fig. 7f). Once known, the distribution can be sampled
to generate measurement outcome β¯1 ∼ P (β1). Next, the
probability distribution p(β2 | β¯1) for the second qubit,
conditional on the measurement of the first qubit, is cal-
culated as the ratio between p(β¯1, β2) (shown in the sec-
ond network of Fig. 7f) and p(β¯1). By repeating this pro-
cedure, one obtains a final configuration β¯ sampled from
the correct probability distribution p(β) = PE(β | α).
Importantly, eachN -qubit measurement outcome is com-
pletely uncorrelated from any other.
For the noisy quantum channels studied in the paper,
since there are only N = 5 qubits, we perform a direct
simulation of the channel to obtain the full Choi matrix.
The training data is obtained directly from the Choi ma-
trix, using input states and measurement operators iden-
tical to the ones described above.
Figure 8. Locally-purified density operators. (a) A LPDO Λ˜ϑ
representing a N = 4 qubit process, with 4 input indices {σj},
4 output indices {τj}. We group input and output indices
together, leading to a representation of the Choi matrix in
terms of 4 LPDO rank-4 tensors {A˜j} (rank-3 for boundary
tensors). (b) A rank-1 LPDO with Kraus dimension χν = 1
Λ˜ϑ = |Ψ˜ϑ〉〈Ψ˜ϑ|, where Ψ˜ϑ is an MPS.
Locally-purified density operators
We start by defining the parametrization of the Choi
matrix in terms of a locally-purified density operator
(LPDO) [48]. In the input/output basis defined before,
the matrix elements of the unnormalized LPDO are
[Λ˜ϑ]
τ ,τ ′
σ,σ′ =
∑
{µ,µ′}
∑
{ν}
N∏
j=1
[A˜j ]
τj ,σj
µj−1,νj ,µj [A˜
∗
j ]
τ ′j ,σ
′
j
µ′j−1,νj ,µ
′
j
,
(23)
where each tensor A˜j has input index σj , output index
τj , bond indices (µj , µj+1) and Kraus index νj (Fig. 8a).
The bond and Kraus dimensions of the LPDO are defined
as χµ = maxj{χµj = dim[µj ]} and χν = maxj{χνj =
dim[νj ]}.
By construction, the Choi matrix Λ˜ϑ is positive, Λ˜ϑ ≥
0 and Hermitian Λ˜ϑ = Λ˜
†
ϑ. The normalization Zϑ =
Trσ,τ Λ˜ϑ can be computed with cost O(Nd2χνχ3µ). If
the Kraus dimension is set to χν = 1, the Choi matrix
reduces to rank-1, and writes Λ˜ϑ = |Ψ˜ϑ〉〈Ψ˜ϑ| Fig. 8b),
where Ψ˜ϑ is a matrix product state (MPS)
[Ψ˜]τσ =
∑
{µ}
N∏
j=1
[A˜j ]
τj ,σj
µj−1µj . (24)
with physical dimension d2 and bond dimension χµ.
Unsupervised learning
The parameters of the LPDO – the tensor components
ϑ = {A˜j} – are variationally optimized by minimizing
the Kullbach-Leibler (KL) divergence
DKL =
∑
{α}
Q(α)
∑
{β}
PE(β |α) log PE(β |α)
Pϑ(β |α) . (25)
13
Figure 9. Tensor-network optimization. (a) Tensor network contraction to evaluate the normalization Zϑ of the LPDO.
(b) Tensor network contraction to evaluate the unnormalized probability P˜ϑ(β | α). (c) Calculation of the gradients of the
normalization ∂ϑZϑ. First, the left-environment tensors Lj (j = 1, . . . , N − 1) are computed sequentially (and stored) by
contracting the Kraus index and tracing the input/output index of the LPDO, from left to right. The same is repeated by
contracting from right to left for the right-environment tensors Rj (j = 2, . . . , N). Then, the gradients of the normalization
with respect to the conjugate tensor A˜∗j are evaluated using with previously stored environment tensors. (d) Calculation of the
gradients of the unnormalized probability ∂ϑP˜ϑ(α,β) for one given data point (α,β). As for the normalization, left and right
environment tensors are calculated – where now the LPDO is contracted with input and output states corresponding to α and
β respectively – and subsequently used to evaluate the gradients with respect to each conjugate tensor A˜∗j .
where PE(β |α) is the process probability defined in
Eq. (13). The probability distribution Pϑ(β |α) asso-
ciated to the process described by the LPDO is
Pϑ(β |α) = Trτ ,σ
[
(ρTα ⊗Mβ)Λϑ
]
= Z−1ϑ d
NTrτ ,σ
[
(ρTα ⊗Mβ)Λ˜ϑ
]
≡ Z−1ϑ P˜ϑ(β |α) ,
(26)
whereΛϑ = dNZ−1ϑ Λ˜ϑ is the properly normalized LPDO
Choi matrix, and we defined the unnormalized LPDO
probability distribution P˜ϑ(β |α). By averaging Eq. (25)
over the data set D, we obtain the negative log-likelihood
C(ϑ) = − 1
M
M∑
k=1
logPϑ(βk |αk)
= logZϑ − 1
M
M∑
k=1
log P˜ϑ(βk |αk)
= logZϑ −
〈
log P˜ϑ(β |α)
〉
D ,
(27)
where we omitted the constant entropy term of the target
distribution.
Given the cost function C(ϑ), the LPDO parameters
are tuned according to the gradients
Gϑ = C(ϑ)
∂ϑ
=
∂
∂ϑ
logZϑ − ∂
∂ϑ
〈
log P˜ϑ(β |α)
〉
D
=
1
Zϑ
∂Zϑ
∂ϑ
−
〈
1
P˜ϑ(β |α)
∂P˜ϑ(β |α)
∂ϑ
〉
D
.
(28)
Since, in general, the tensor components {A˜j} are
complex-valued, one should adopt the Wirtinger deriva-
tives, and update each tensor A˜j with the gradient taken
with respect to its conjugate value A˜∗j .
The calculation of the gradients proceeds in two
steps [54, 55]. First one evaluates the normalization
Zϑ with a trace over all the input/output indices of the
LPDO (Fig. 9a). The gradient of Zϑ with respect to the
component A˜∗j corresponds to the tensor network used to
compute Zϑ with the tensor A˜∗j removed from it. To re-
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duce the number of tensor contractions required to com-
pute the full set of gradients, one should first calculate
and store the set of environment tensors {Lj} and {Rj}
shown in Fig. 9c, obtained in two sweeps over the LPDO
respectively from left to right and from right to left. The
gradients of the normalization with respect to each tensor
A˜∗j are then calculated with a third sweep as
∂Zϑ
∂[A˜∗j ]
σjτj
µj−1,νj ,µj
=
∑
µ′j ,µ
′
j−1
L
µj−1,µ′j−1
j−1 [A˜j ]
σjτj
µ′j−1,νj ,µ
′
j
R
µj ,µ
′
j
j+1 .
(29)
The second step repeats this procedure for the data-
dependent term in the cost function. For each single
data point (α,β), one computes the unnormalized prob-
ability P˜ϑ(β |α) by contracting the LPDO with the cor-
rrersponding input state ρα and measurement operator
Mβ (Fig. 9b). One then sweeps through the LPDO to
accumulate the left and right environment tensors, and
compute the gradient of the unnormalized probability
analogously to the normalization (Fig. 9d). The final
gradients are simply the average over all data samples.
Trace-preserving regularization
Finally, we note that the LPDO, in general, does not
enforce the TP condition on the corresponding quantum
channel, i.e. Trτ Λϑ 6= 1σ. This condition can be easily
added to the cost function as a regularization term, which
biases the optimization to yield a set of optimal param-
eters ϑ that minimizes the negative log-likelihood, while
also minimizing the distance between Trτ Λϑ and 1σ. As
a distance measure, we choose the Frobenius norm of the
difference ∆ϑ = TrτΛϑ − 1σ:
‖∆ϑ‖F =
√
Trσ
(
∆ϑ∆
†
ϑ
)
. (30)
The tensor network for ∆ϑ can be easily computed by
performing an MPO subtraction [60], which in this case
it increases the bond dimension of Λϑ by 1 (Fig. 10a).
The regularization term is then
Γϑ =
√
d−N
√
Trσ
(
∆ϑ∆
†
ϑ
)
, (31)
where we introduced a normalization pre-factor
√
d−N .
This leads to the final cost function
C(ϑ) = logZϑ −
〈
log P˜ϑ(β |α)
〉
D + κΓϑ , (32)
where κ is an additional hyper-parameter.
We show the measurement of the regularization term
Γϑ (Fig. 10b) at each training iteration for the recon-
struction of one-dimensional random quantum circuits of
different depths. By comparing these curves with the
reconstruction infidelities (Fig. 10c), one can clearly see
the correlation between the accuracy of the reconstruc-
tion and the amount of violation of the TP condition.
Figure 10. Trace-preserving regularization. (a) Tensor net-
work for∆ϑ, obtained by subtracting the identity MPO (with
bond dimension 1) to the (properly normalized) LPDO Λϑ,
and tensor contraction required to compute Γϑ. We show the
measurement of the regularization Γϑ (b) and the reconstruc-
tion infidelity (c) during the training for a one-dimension ran-
dom quantum circuit with N = 10 qubits and depth D = 2,
for different number of the total data set size M .
Gradient updates
Once the gradients Gϑ with respect to each tensor com-
ponents are known, the LPDO is updated using gradient
descent. In its simplest form, the parameters are changed
according to
ϑ −→ ϑ− η Gϑ , (33)
where η is the size of the update (i.e. the learning rate),
and the gradients are computed over the full training
data set:
Gϑ = − 1
M
M∑
k=1
∂
∂ϑ
logPϑ(βk |αk) . (34)
This type of gradient update results however into a very
slow training, as the number of training samplesM might
15
be large. In practice, the gradients are computed on a
batch of data containingMB M training samples. One
training epoch is then defined as a sweep of the full data
set D (being reshuffled at its start), with the parameters
ϑ being updated M/MB times. The advantage, aside
a faster training, is that the fluctuations induced in the
gradients due to the smaller number of samplesMB helps
the optimization to escape local minima.
The other hyper-parameter of the optimization is the
learning rate η. A major limitation of the vanilla gradient
descent update shown above is that choosing the correct
value of η in advance can be difficult. Further, the learn-
ing rate is identical for all parameters. This problem is
resolved by using more advanced optimizations schemes.
We specificallu use the Adam optimizer (from Adaptive
Moment Estimation) [61], where each parameter ϑk is up-
dated with an adaptive learning rate ηk. For the set of
parameters ϑ(t) at a given epoch t, the Adam optimizer
estimates moving averages of first and second moments
of the gradients
M(t)1,k = ξ1M(t−1)1,k + (1− ξ1) Gϑk (35)
M(t)2,k = ξ2M(t−1)2,k + (1− ξ2) G2ϑk , (36)
where ξ1 and ξ2 are hyper-parameters controlling the rate
of decay of the moving averages. Each parameters is then
updated as
ϑ
(t+1)
k = ϑ
(t)
k − η
M̂(t)1,k√
M̂(t)2,k + 
, (37)
where  is used to avoid numerical instabilities, and
M̂(t)i,k = M(t)i,k/(1 − ξi) are used to correct the bias in-
troduced by the zero-initializationM(t=0)i,k = 0 [61].
Overfitting and model selection
The goal of training the LPDO using unsupervised
learning is to efficiently extract the relevant structure
and features characterizing the unknown channel from a
limited set of measurements. In other words, the model
needs to be able to generalize beyond the measurements
provided for its training. If the number of samples in the
data set D is too low, it is likely that the LPDO train-
ing leads to overfitting, i.e. the LPDO learns features
present in the data that are not representative of the un-
known channel, but only stems from the limited number
of training samples.
A strategy to monitor the overfitting, routinely used
in the training of deep neural networks, is to divide the
data set into two sub-sets: a training data set DT and a
validation data set DV . Here, we do so using a 80%/20%
split ratio. The training data set DT is used for the
learning procedure, i.e. the calculation of the gradients
used to update the model. During training, we compute
the training loss (i.e. the average of the cost function on
the training data set)
LT (ϑ) = − 1|DT |
∑
(α,β)∈DT
logPϑ(β |α) , (38)
which signals whether the model is actively learning (i.e.
a decreasing LT (ϑ)). At the same time, we also compute
the validation loss on the held-out data
LV (ϑ) = − 1|DV |
∑
(α,β)∈DV
logPϑ(β |α) . (39)
Here, |DT | and |DV | are the size of the training and val-
idation data sets respectively.
Generally, in the early stage of the training, the valida-
tion loss decreases hand-in-hand with the training loss.
However, if the model starts to overfit spurious features in
the training data, the validation loss will invert its trend
and start increasing, an indication that more training
data is needed. We stress that both of these measure-
ments are available in a practical experimental setting,
since no information about the channel is being used.
The validation loss LV (ϑ) is also a useful metric to
perform the model selection, i.e. to pick a specific set of
parameters ϑ(t) at epoch t to be considered the optimal
solution of the optimization problem. In our numerical
simulations, we select the optimal parameters as the ones
at the training epochs t where the measurement of the
validation loss returned its lowest value. This is also a
model selection procedure that can be used in an exper-
imental setting.
Fidelity estimation
Once the unknown quantum channel E with Choi ma-
trix ΛE has been reconstructed, the learned Choi matrix
Λϑ (for a set of parameters ϑ selected as shown above)
can be used for certification. The metric we adopted
is the quantum process fidelity, defined as the quantum
state fidelity between Choi matrices
F(Λϑ,ΛE) = d−2N
(
Tr
√√
ΛEΛϑ
√
ΛE
)2
. (40)
In general, this measurement is not scalable and remains
restricted to small system sizes. However, it is also not a
useful metric in a practical setting, where the Choi matrix
ΛE is not known. In practice, the reconstruction fidelity
is computed using the target Choi matrixΛE = |ΨE〉〈ΨE |
for the ideal unitary implemented by the quantum circuit
F(Λϑ,ΛE) = d−2N 〈ΨE |Λϑ|ΨE〉 . (41)
For the specific case where the LPDO Choi matrix is
rank-1, this reduces to
F(Λϑ,ΛE) = d−2N |〈ΨE |Ψϑ〉|2 . (42)
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Specifics of the numerical experiments
In this final section, we provide details on the numeri-
cal experiments presented in the main text. In all cases,
the LPDO tensors {A˜j} are initialized randomly, with
each tensor component set to
[A˜j ]
τj ,σj
µj−1,νj ,µj = ar + iai (43)
where ar and ai are drawn from a uniform distribution
centered around zero with width 0.2. We compute the
gradients on batches of data containing MB = 800 sam-
ples. Once the gradients are collected, we update the
LPDO tensors using the Adam optimization with param-
eters η = 0.005, ξ1 = 0.9, ξ2 = 0.999 and  = 10−7.
Figure 2. The first set of quantum channels investi-
gated are unitary quantum circuits containing one layer
of single-qubit gates. We study two types of circuits,
containing either Hadamard gates
H =
1√
2
(
1 1
1 −1
)
, (44)
or random single-qubit rotations
R(θ, φ, λ) =
(
cos θ2 −eiλ sin θ2
eiφ sin θ2 e
i(φ+λ) cos θ2
)
. (45)
To obtain the sample complexity curves shows in Fig. 2b,
we perform the reconstruction for an increasing number
N of qubits. For each N , we start using a small data set
size M , and increase it with a fixed size-step until the
threshold ε = 0.025 in infidelity is met. The result is a
value M∗ with an error bar given by the size-step.
We repeat the same scaling study for quantum circuits
containing D layers of controlled-NOT (CX) gates
CX =
1 0 0 00 1 0 00 0 0 1
0 0 1 0
 . (46)
For a quantum circuit with depth D, the odd and even
layers apply two-qubit gates with the control qubit hav-
ing odd and even qubit-index respectively. Here, the
bond dimension of the LPDO Choi matrix is set to the
bond dimension of the circuit MPO.
Figure 3. We reconstruct random quantum circuits
in both one and two dimensions. In both cases, each
layer of the quantum circuit consist of one layer with N
single-qubit random rotations R(θ, φ, λ) (defined above)
and one layer of CX gates. In the one-dimensional ge-
ometry, the CX gates alternates as in the previous case.
For the two-dimensional quantum circuit, they are ap-
plied according to the color scheme shown in Fig. 3b.
For the simulation of the quantum circuit and the data
generation, the circuit MPO has a “snake-shape” as per
usual in MPS simulations of two-dimensional geometries.
After applying the CX gates, the circuit tensor network
is restored into a local form by means of singular value
decomposition, where only zero singular values are dis-
carded. This means that the representation of the target
quantum circuit is exact.
We first set of the bond dimension of the LPDO Choi
matrix equal to the bond dimension of the circuit MPO,
and set the Kraus dimension to χν = 1. All the data
shown in Fig. 3 has been collected under this condi-
tion. However, additional simulations have also been
performed using larger values of the LPDO bond dimen-
sion, obtaining comparable results. During the training,
we monitor the training loss, the validation loss, the TP
regularizer, and the reconstruction fidelity. We use cross-
validation on the held-out data set DV to select the best
models for each circuit configuration and for each data
set size M . The curves in Fig. 3e-f show the reconstruc-
tion infidelities of these selected models.
Figure 4. Finally, we reconstruct a noisy quantum
channel. We consider the X-stabilizer measurement in
the surface code, where the parity-check between four
data qubits is measured using an additional (measure-
ment) qubit with the quantum circuit shown in Fig. 4a.
The circuit contains two Hadamard gates and four CX
gates. We apply an amplitude damping channel, charac-
terized by the Kraus operators
K0 = |0〉〈0|+
√
1− γ |1〉〈1| (47)
K1 =
√
γ |0〉〈1| (48)
where γ is the decay probability. The channel is applied
to each quantum gate in the circuit, where for the two-
qubit gates the channel is just the tensor product of the
single-qubit channel shown above.
We now relax any prior information on both the quan-
tum circuit and the noise channel. We perform the re-
construction by varying the bond dimension χµ and the
Kraus dimension χν of the LPDO. The only setting where
convergence in the training metrics is found already for
χν = 0 is the noiseless channel γ = 0, as expected.
Nonetheless, even by increasing χν , the noiseless chan-
nel is still properly reconstructed. This can be seen in
Fig. 4b, where the purity of the reconstruction LPDO
Choi matrix for γ = 0 and χν = 6 reaches the correct
value of TrΛϑ ≈ 1. The infidelity curves are shown for a
fixed data set size of M = 5× 105.
